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In this paper, the notion of sequential ¢,-metric spaces has been introduced as a generalization of usual S-metric spaces, S,-metric
spaces, S/ metric spaces, and specially of S,-metric spaces. In view of this notion, we prove some fixed point theorems for some
classes of ,-rational Geraghty JS-contractions over such spaces. A supporting example and an application have been given in

order to examine the validity of the obtained results.

1. Introduction and Preliminaries

There is a huge number of extensions of Banach contrac-
tion principle. Some of them focus on using different forms
of contractive conditions and some of them focus on the
various generalized metric spaces. There are many interest-
ing generalization of metric type spaces such as b-metric
space [1], extended b-metric space [2], p-metric space [3],
JS-metric spaces [4], C*-algebra valued metric space [5],
S-metric space, S,-metric space [6, 7], S,-metric space [8],
and G-metric spaces [9]. Also, for considering and analyzing
more generalization of the concept of metric spaces, one can
consider the following works dealing with controlled metric
spaces and generalized b-metric spaces [10, 11]. In the con-
text of various metric type spaces which are the combination
of the above mentioned spaces, several authors have proved
different types of fixed point theorems [12]. Now, we present
some definitions of some generalized metric spaces which are
pertinent to our research.

Let O be the class of all strictly increasing continuous
functions w : [0,00) — [0,00) with w™(¢) <t <w(t) and w™!
(0) =0=w(0).

Definition 1 (see [3]). Let O be a nonempty set. A function
p:Ox0—[0,00) is a p-metric if for some w € Q and for
allk,x',«" €0,

(1) p(x, ") = 0 if and only if x = '

() p(r &) =p(x', %)
(3) pl, ") <w(p(ic, ') + p(', ")) forall i, &', k" € O

In this case, the pair (0, p) is called a p-metric space, or
an extended b-metric space.

A b-metric [1] is a p-metric with w(t) = st, for some fixed
s>1. A p-metric space reduces to an ordinary metric space
provided that w(t) =t¢.

Let A be a nonempty set and & : Ax A — [0,00) be a
mapping. For any « € A, let us define the set

C(FS, A x) = {{Kn} CA: }Lrgojcf(xn,x):o}. (1)

Definition 2 (JS-metric space) (see [4]). Let & : AxA—
[0,00] be a mapping so that
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(1) 78(x, ") =0 implies x = «'
(2) for every x, k' € A, we have Z8(i, k') = FS8(x', k)

(3)if (kx')eAxA and {k,} €C(FS, A k) then
FS(k, k") < plimsup £8(x,,, «'), for some p >0

n—-o00

The pair (A, &) is called a generalized metric space,
usually known as JS-metric space.

In [13], Roy et al. introduced a new type of extended b
-metric spaces. First, let C(0,, A, x), be defined as above,
where & is substituted by o,

Definition 3 (see [13]). Let A be a nonempty set. A mapping
0, Ax A —[0,00) is said to be a sequential p-metric if for
all a,be A:

0 impliesa="b

(@) o,(a, b) =
b)=0,(b,a)
b

(b) o,(a,

n—o00

(

(
(c) 0,(a,b) <w(limsupo,(a,, b)), where {a,} € C(0,, A
,a) and w € O so that w™!(s) = s = w(s) for s € {0,00}

The triplet (A, 0, w) is called a sequential p-metric space.
We represent a sequential p-metric space simply as (A, ap).

Example 4 (see [13]). Let A =N and the metric 0, A > [0
,00) be defined by

0,(1,1)=0;

Gp(n,n):e—l, for n>2;
ap(l,n):ap(n,l):e”"“—1, for n>2;
Gp(n,m)—ap(m,n)—em"—l, for all n,m>2 with n#+m.

(2)

0, is a sequential p-metric on A for w, (t) =t forall >0
and w,(t) =e' — 1 forall t > 0.

Proposition 5 (see [13]). If (A, 7 S§) is a ]S-metric space, then
F & is also a sequential p-metric on A.

Proposition 6 (see [13]). Let (A, FS) be a JS-metric space
with coefficient p>1. Let o,(a,b)=T(FS(a,b)), where
I'€ Q. Then, 0, is a sequential p-metric with w(t)=TI'(pt)

forallt>0.

Sedghi et al. [14] have recommended the notion of a §
-metric space as follows.
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Definition 7 (see [14]). Let O be a nonempty set. An S-metric
on O is a function S : O x O x 0 — [0,00) such that,

S(K, «', K”) >0, and (3)

(1) S(x, «', k") =0 if and only if x = &' = "

) S(x,x', k") <S(k, k,a) + S(x', k', a) + S(k", k", a)
forall x, k', ", a € O

for each x, x', «", a € O.
The pair (0, S) is nominated an S-metric space.
Some examples of such S-metric spaces are

(1) Let O be a normed space. Then, S(x, ', ") = ||k’ +
" ! AT .
k' =2x|| + ||« —«"|| is an S-metric on O

(2) Let O be a normed space. Then, S(x, «', k") = ||k —
"I| +||x" = «"|| is an S-metric on O
(3) Let O be a nonempty set and d be an ordinary metric

on O. Then, S(x, k', k") =d(x, k') +d(x', k") isan S
-metric on 0

Lemma 8 (see [14]). In an S-metric space, we have S(x
6 k') =8k, k' k).

Definition 9 (see [8]). Let O be a nonempty set and w € Q.
Suppose that a mapping g, : © x 0 x 0 — [0,00) satisfies:

(M) ¢(i 1’ k") =0 iff k=« ="

(2) c,(x, k") < w(s,(x, k, a) + cp(xl, k', a)+ cp(zc", K"

,a)) forall x, k', k", ac O

Then g, is called a modified S-metric, and the pair (0, ¢,)

is called a modified S-metric space.
An S-metric space is an ¢,-metric space where w(t) =1t

and every §,-metric space with parameter s>1 is an g,
-metric space where w(t) = st.

Definition 10. A G,-metric is called symmetric if cp(rc, K, K')
= qp(K’, «', x), for all x, k' € O.

Example 11 (see [8]). Let (0, S) be an S-metric space. Then

S(ik’ k")

(1) CP(K, ', K'Y =e
=e -1

— 1 is an g,-metric with w(t)

(2) g, (x, ', k") =Sk, ', k" )eSE %) is an G,-metric
with w(t) = te'
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In general, an ¢,-metric with nontrivial function w need
not to be jointly continuous in all its variables (see [15]).

The following simple lemma is a modification of Lemma
1.11 of [8].

Lemma 12. Let (0,6,) be an ¢,-metric space.

(1) Suppose that {x,} and {x.} are G,-convergent to k
and «', respectively. Then, we have

-2 ! P !
w (cp (K, K, K )) Shﬂgfcp (K,,, Kpp» Kn)

< limsupcp (Kn, K> K;) <’ (cp (K, K, K')) .

n—o00

(4)

In particular, if k = k', then, we have lim Sp (K K> K)=0

n—00

(2) Suppose that g,-metric (0,,) is symmetric and {x,,}
is G,-convergent to x and " € O is arbitrary. Then,
we have

w! (cp (K, K, K") ) < liminfcp (;cn, K> K”)
n—00

<limsupg, (Kn, K> K”) < w(cp (K, K, K")) .

n—00

()

Proof. (1) Using the rectangle inequality in the ¢,-metric
space, it is easy to see that

S (K, K, K') <w [ZCP(K, K K,) + S (K’, x, Kn)]
<w [ZCP(K, K K,) +w {ZQP (K', x', K;) +6, (Kn, K> K;ﬂ ] ,
Sp (Kn, Kps K;) <w [Zcp(lcn, K K) 6 (K;, K, K)}
<w [Zcp(xn, K, K) + @ {Zcp (K;, K;, K') +6, (K, K, K,>H .
(6)

The desired result is obtained via letting # — oo in the
above inequalities and taking lower limit and the upper limit
in the first and second inequality, respectively.

(2) Using the rectangle inequality, we see that

w™! (cp (K, K, K")) <26,(k, K, K,) +6, (Kn, Ky» K”) ,

Sp (Kn, Ky» K”) <w (ZCP(Kn, K> K) 6 (K”, «", K) ) .

(7)

The desired result is obtained via taking liminf as n — co
in the first inequality and the limsup as n — oo in the second
inequality, respectively.

2. Introduction to Sequential ¢,-Metric Spaces

In this section, we introduce a new type of extended cp—metric
spaces. First, let us to define

C(p O,a) = {{an} cO: limg,(a,a,a,)= 0}, (8)

n—-00

where g, : Ox 0 x 0 — [0,00] is a given mapping and O
is a nonempty set.

Definition 13. Let O be a nonempty set. A mapping G O%
O x 0 — [0,00] is said to be a sequential ¢,-metric if for all
a,b,ce0:

(1) ¢,(a,b,¢) =0 impliesa=b=c

() ¢,(a, b, ¢) <w(limsup,_, G, (a a,c,) +limsup,_, G,
(b, b,c,)), where {c,} € C(g, 0, c) and w € Q so that
w(s)=s=w(s) for s € {0,00}

The triplet (0, G,, w) is called a sequential g,-metric space
(SSPMS). It will be shown simply as (0,,).

The above definition is an extension of Definition 13 of
[13], that is, the definition of $/S-metric spaces.

Example 14. Let the triplet (A, 0,,, w) be a sequential p-metric
space. If we define ¢, (., k") = 0, (K, k') + OP(K', «"), then,

S, will be a sequential G,-metric with the same control func-
tion w provided the w is subadditive.

According to the above example and Example 15, we
construct the following example of ¢,-metrics.

Example 15. Let A=N and the metric g, : A* —[0,00) be
defined by

Gp(1,1,1)=0;

cp(n,n,n):Ze—Z, for n>2;
S(Lnn) =g (L n) =g, (nm1)=g,(n,1,1) =" +e-2,  n22;
cp(n, l,n):cp(l,n,l):Ze””“—2, n>2;

cp(n, n, m) :cp(m, n,n) :cp(n, m, m) :cp(m, mn)=e"+e-2, mnz2,m#n,

Sp(m, n,m) =, (n, m, n) =2e"" -2, m,n=2,m#n,

Sp(mym0)=e" =2 +¢" -2, m,n,0=2,n#m.

)
G, is a sequential p-metric on A for w, (t) =t.

Proposition 16. Let (0, cp) be a §'S-metric space with coeffi-
cient k> 1. Let c;(a, b,c)=TI(c,(a,b,c)), where I € Q. Then,
cll) is a sequential G,-metric for w(t) = I'(kt) for all a,b,c € O
and t > 0.



Proof. Here, we show that (0, cl',) satisfies all the conditions of
Definition 25.

(a) cl/,(a, b,c) =0 gives I'(,(a, b, c)) = 0. Then ,(a, b, c)
=I"1(0) = 0 which impliesa=b=c

(b) For all a, b, c € O, we have c;(a, b,c)= F(cp(a, b,c)) <
I'(klimsup,,_,,G,(a, a, ¢,) + klimsup,,_, G, (b, b, c,))
= w(limsup,_,,6,(a, a, ¢,) + limsup,_,,6,(b, b, c,))
where {c,} € C(c,, 0,¢) = C(c;, O,¢).

Proposition 17. Let (0, ,) be a SSPMS with control function
w. Let c}',(a, b,c)=TI(c,(a,b,c)), where I € Q2. Then, cI'J is a
sequential g,-metric with w'(t)=T'(w(t)) for all t > 0.

Proof. Here, we show that (0, c;)) satisfies all the conditions of
Definition 25.

(a) c;(a, b,c) =0 gives I'(,(a, b, c)) = 0. Then ,(a, b, c)
=I"'(0) = 0 which impliesa=b=c

(b) For all a,b, ce O, we have c;)(a, b,c)=T(c,(a b,c))
< I'(w(limsup,_,6,(a, a, ¢,)) + w(limsup,_, .6, (b,
b,c,))) where {c,} € C(c,, O, ¢c) = C(c};, O, c).

Definition 18. Let (0,¢,) be a SSPMS. Also, let {a,} be a
sequence in @ and a € 0.

(i) {a,} is said to be convergent and converges to a if
{a) € Clop 0.0,

(i) {a,} is said to be Cauchy if lim,, ,, ,.,5,(a,, > a,,)
=0

(iii) O is said to be complete if any Cauchy sequence in O
is convergent

Definition 19 (see [15]). Let (0,¢,) and (D',c;) be two
sequential ¢,-metric spaces. A mapping # : 0 — O’ is called

continuous at a point a € O if for any € > 0 there exists §, > 0
such that for any [ € O, ¢, (#1, #1, # a) < e whenever (1,1

,a) <08,. X is said to be continuous on O if # is continuous
at each Point of 0.

Proposition 20. In a SSPMS (0, ¢,,) if a sequence {a,, } is con-
vergent, then, it converges to unique element in O.

Proposition 21. Let (0,,) be a SSPMS and {a,} C O con-
verges to some a € O. Then, G,(a,a,a) = 0.

Proof. Since {a,} converges to a € 0, so lim,_,,c,(a,,a,,a)
= 0. Therefore, we have ¢,(a, 4, a) < w(2limsup,_,c,(a, a,
a,)) = w(0) = 0 which implies ¢,(a, a, a) = 0.
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Proposition 21. Let {a,} be a Cauchy sequence in a SSPMS
(0,6, w) such that w™" is continuous. If {a,} has a conver-
gent subsequence {a,, } which converges to an a € O, then,
{a,,} also converges to a € O.

Proof. From condition (3) of Definition 25, we have

Gp(ara,a,) <@ <limsupcp (a,> an)> , (10)

k—00

which implies that

w_l(cp(a, a, an)) < limsupg, (ank,an,an), (11)

k—oo

for all n € N. Due to the Cauchyness of {a,}, it follows that
lim, ;6,(a, 4, a,) =0 and thus w™'(,(a,a,a,)) — 0 as
n — 0o which implies that ,(a,a,a,) — 0 as n — oo, since
w™! is continuous. Hence, {a,,} converges to a € O.

Proposition 22. In a SSPMS (0, ,) if a self mapping F is
continuous at a €O, then {Ha,} € C(sy, O, Fa) for any
sequence {a, } € C(c, 0, a).

Proof. Let € > 0 be given. Since # is continuous at a, then for
any & > 0 there exists §, > 0 such that ¢(c, ¢, a) < 8, implies ¢
(Hc,Hc,Ha)<e. As {a,} converges to a, so for 8, >0,
there exists N € N such that ¢(a,4,4a,) <9, for all n>N.
Therefore, for any n > N, ¢(#a, # a, # a,) < ¢ and thus #
a, — #aas n— co.

Definition 23. Let (0,,) be a SSPMS with supporting func-
tion w. Define

B,(a, €)= {be@:cp(a,a, b)<cp(a,a,a)+s}, 12
12
B,a, €] = {b €0:6,(a,a,b)<g,(a,a,a) + e},

forallae © and £ > 0.

Remark 24. One can easily check that the collection

‘rcp::{@}UU(#Q))(@: for any ae€U there exists £>0:B,(a¢)CU,

(13)

forms a topology on O.
Another approach to define a sequential ,-metric is as

follows:
Define

C(p O,a) = {{an} cO: r}irgocp(an, a,,a)= 0}, (14)

where g, : 0 x 0 x 0 — [0,00] is a given mapping, and O is a
nonempty set.
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Definition 25. Let O be a nonempty set. A mapping ¢, : O x
0 x 0 — [0,00] is said to be a sequential ¢,-metric if for all
a,b,ce0:

(1) g,(a

a,b
() ¢,(a, b, ¢) <w(limsup,_,,G,(c,» ¢,» @) + limsup,
Sp(€y» € b)), where {c, } € C(g), 0, c) and w € 2 and
w(s) =s=w(s) for s € {0,00}

,¢)=0impliesa=b=c

The triplet (0,¢,, w) is called a sequential ¢,-metric
space. It will be shown simply as (0, ¢,).

In this paper, we investigate the existence of unique fixed
point for some rational contractions of Jleli-Samet and
Geraghty type in ordered sequential ¢,-spaces. Our motiva-
tion is an interesting generalization of Banach contraction
principle which is presented by Jleli et al. in [16].

3. Main Results

Note that (0, <) possesses the s.1.c.p. whenever {x,} is a non-
decreasing sequence in O such that k, — U € O, one has «,
<U for all € N. From now on, by SSPMS, we mean a
sequential ¢,-metric space and by SPRGJSC a ¢,-rational

Geraghty JS-contraction.

&, Qx, Qx)g,, (K” O« @K"> 6, (K @K, @K)s, (Kr, 0%’ @Kn)

Let & denotes the class of all functions ® : [0,00) — [0,
w™ (1)) satisfying the following condition:

limsup®(t,) =w ' (1) implies that ¢, — 0,asn— co.
n—o00
(15)
The following are two examples of Geraghty functions ©.

(1) ®(t)=e"" forallt>0and ®(t) =0 for t = 0, where
p,g>0

(2) ®(t)=1/(1+ ) for all t >0 and ®&(¢) =0 for t =0,
where p>0

In the above examples, we assumed that w(t) =¢. In the
case that, for instance, w(t)=sinht, then w™'(1)=0.88,
and one can multiple this amount to the above functions w.

Definition 26. Let (0,¢,) be an ordered SSPMS. A mapping
@ : 0 — O is called a SPRGJSC of type I if

G(Cp (@K, o', @KH)> < G(M(K, " K,,))(Q'(M(K,K,,K”)))
(16)

for some ® €& and for all comparable elements «,
k', k" € O, where

M( / II)_ ( ' //) CP(
K, K ,K = max CP K,K ,K |,

Theorem 27. Let (0,,G,,w) be an ordered ¢,-complete
SSPMS. Let @ : O — O be a <-increasing mapping such that
k,=Q(k,) for some element x,€ O. Suppose that @ be a
SPRGJSC of type I. If

(I) @ is continuous, or

(II) (0, <) possesses the s.l.c.p

then @ has a fixed point. Moreover, the set of fixed points
of @ is well ordered if and only if F(Q) is a singleton.

Proof. Put k, = Q" (x,). Since x,<@(x,) and @ is <-increasing,
we obtain by induction that

Ko<Q (k) 2@ (1y)2-+-2Q" (k) )2Q " (15)2. (18)
We will do the proof in the following steps.

Step I. We will show that lim ¢, («,, k,,,1, k,,,1) = 0. Without

any loss of generality, we may assume that «, # «,,,, for all

( i u)
1+cp KK ,K

>

1+ S (@K, Ox’, @K")

n € IN. Since «, <k, for each n € N, then by (16), we have

n+1

Q(CP(KH’ Knt1> Kn+1)) = Q(CP(@KH,I, @Kn, QKn))
<O(M(K,_y, K, Kn))wM("n—viwKn)))

(19)

n-1>
because

MKy 1 1,)
cp(anl’ @Kn—l’ @Kn—l )Cp(Kn’ @Kn’ @Kn)

1+cp(Kn—1’Kn’Kn) ’

=max {Cp(’cn—l’ Kn’ Kn)’

. Sp(Kn_1> QK1 Q16,16 (Ko Ay, QK,y)
1+¢,(@x,_,, Qx,, @x,)

Cp(Kn—l’ K> Kn)cp (Kn’ Kni1> Kn+1)
4Gy (Ky 15 Ko )

= max {Cp(anl’ Kn’ Kn)’

A Cp("n—l’ K> Kn)cp(’(n’ Kni1> Knyy
1+ cp(Km Kpat> K1)

)
} < max cp(’crrh Kn’ Kn)’ Cp(Kn’ Kn+1’ Kn+l> 4

(20)

and lf max {Cp(xn—l’ Kn’ Kn)’ Cp(Kn’ Kn+1’ Kn+1)} = cp(Kn’ Kn+1’



K,.1), then from (19), we have

G(Cp( w Knt1> n+1))<6( ( n+1’Kn+1))(§(M(KH71’KWKn)>

<0(cp(Kn’ Kyi1s K,H_l))w <0(Cp(Kn’Kn+1’Kn+1))’

(21)

which is a contradiction.
Hence,  max {c,(k,_1, k,, &,), S, (K,
Kp_1> K> K,)- SO, from (19),

> Kpt1o Kn+1)} =Cp(

Q(Cp( ))S(M("n—l»Kn’Kn»

<0(cy(x,

Knt1> n+1)) 6( ( -1 K>
1 K Ky))-

(22)

That is, {G,(, k.1, K1)} is a decreasing sequence, so,
there exists 7 > 0 such that nhj)lO Sp (K K1 Ky ) = 1. We will

prove that r = 0. Suppose on contrary that > 0. Then, letting
n — 00, from (22), we have

llm &(M(anl’KYl’K?’J)

O(r) < O(r)n—oo , (23)

limsup M (K, 1, K, 15 %, 1)

i—00

-1 @Km,fl’ @Kmfl)cp(Kn,fl’ @Kn,fl’ @Kn,fl) cp (Km
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which implies that «™'(1) <1< lim &(M(x,_;, k,, &,)).

Now, as ® € € we conclude that M(x,_,, x,,, k,,) — 0 which
yields that r = 0, a contradiction. Hence,

lim Sp (K> Kpi1> Kpyp ) = 0. (24)

n—oo

Step II. Now, we show that the sequence {«,} is a ¢,-Cauchy
sequence. Suppose that {, } is not ¢,-Cauchy. Then for some
&> 0 we can find two subsequences {x,, } and {x, } of {x,}
such that m; and #»; are the smallest index such that

n; > m; > iandg, (k,, , &, , €, ) = & (25)
This means that

Cp (Km,-—l’ Kn,-—l’ Kni—l) <é&. (26)

From the definition of M(x, k', k") and the above limits,

-1 @Km,fl’ @Km,fl)cp (Kn,fl’

= limsup max {CP(KW‘[_I, K15 Ky 1) S (4

i—00

Ky 1> Koy i )6 (56

1+ Cp(Km;l’ Kn,fl’ Kn,fl)

n;l’Kn[’Kn,) c‘17(Km 1K
>

@k, 1> QK, ;)
1+6,(@k,, 1> @K,y QK ;) (27)

<e.

= limsup max {CP(K%_I, K15 Ky 1) %l

i—00

1+ qp (Km,fl’ Kn;l’ Knrl)

Now, from (16) and the above inequalities, we have

Ble ><9(hmsupcp( o J)

1—00

1’K"r1))

< limsup® (M (x,, 1, &, 1> K:n’_l))@(M(Kmrl)Knl,
i—00
<0(e) ") <6(e),

(28)

a contradiction. Therefore, {«,} is a ,-Cauchy sequence.
G,-Completeness of O yields that {x, },-converges to a point
Ueo.

Step III. U is a fixed point of @.
First, let @ is continuous, so, we have

U= limx,,, = lim @k, = fU. (29)

Now, let (I) holds. Using the assumption on O, we have
k,<U. Now, we show that U =fU. From definition of a

Km)qP(K 1 K Ky )}

1+cp )

sequential ¢,-metric,

62010 71) 5 o limsup 1,120

<2w (9_1 (limsup@(M

limsup®(m(x,.x,
(K> K H)) 7000

n,u>>>>

(30)
where
lim M(x,, x,, 1)

qp(Kn’ an’ @Kn)qp(Kn’ @Kn’fu)
1+, (k,, K, U)

>
n—oo

= lim max {Cp(Kn’ K, U),

Sp (> Q> @, )G (1, @y fU) |
1+¢,(@x,, @x,, fU) N

(31)

Therefore, we deduce that ¢,(2, U, fU) <w(0) =0, so,
U+
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Finally, suppose that the set of fixed points of @ be well
ordered. Assume that 2l and B are two fixed points of @ such
that U # 8. Then by (16), we have

0(p(U, B, B)) = 0(c, (fU /B, fB))
<O(M(U, B, B))PMAUBB)

= 0(, (1, B, ) 2 <9 (¢ (21,8, )¢ V.

(32)
Because
- G,(1, 2, U)g, (B, B, B) |
M(U, B, B) = max {cp(u, B,B), SILT.D) =,(U, B, B).
(33)

So, we get In 0(c, (U, B, B)) <w™'(1) In 6(c, (U, B, B)),
a contradiction. Hence U =B, and @ has a unique fixed
point. Conversely, if @ has a unique fixed point, then the
set of fixed points of @ is a singleton which is well ordered.

Corollary 28. Let (0, ,,<) be an ordered g,-complete SSPMS.
Let @: 0 — O be an <-increasing mapping such that x,<

6,(K, @, QK)g, (K/, [ QK')

S (K/, ax', QK,)C,, <x”, ax", @x")

G(k,) for some element x, € O. Suppose that

of . )) 2 1) o

CP(K, @k, @K)CP (K,, ox', @K”) '
1+qp(@x, @K',@K") )

S, (1, @k, Qx)s, (K,, ax', @K”)

! "

1+cp<1c,1c,x )

+ a3

(34)
where &, €[0,1), A€ (0,1), and ¥, ;< 1. If
(I) @ is continuous, or

(II) (0, X) possesses the s.l.c.p

then @ has a fixed point. Moreover, the set of fixed points
of @ is well ordered if and only if @ has one and only one fixed
point.

Definition 29. Let (0, ,,<) is an ordered SSPMS. A mapping

@ : O — Ois called a SPRGJSC of type II if there exists & € &
such that,

)G,‘:(M(K,K’,K")), (35>

0<cp (QK, ox’, @K")) < M(K, « "

for all comparable elements x, k', k" € O, where

S (x’, ax”, @x”)cp (K", ox', @x')

M(K'K”K”) - max {CP(K’K"K”)’ 1+gﬂ(x, K',x') +CF<K, K, QK') +<p<K',K',QK) ' 1+cﬂ<x',@;c”,@x”) +cp<;<',;<', QK”) +<P<K”,K”,@K’)’ 1 +cp(x",;<”,@x'> +cP(K', QK',@K') +CF<K”,@K”,QK”) } (36)

Theorem 30. Let (0,¢,<) be an ordered c,-complete

SSPMS. Let @ : O — O be a <-increasing mapping such that
ko=Q(k,) for an element x,€ O. Suppose that Q be a
SPRGJSC of type II. If

() @ is continuous, or

(II) (0, <) possesses the s.l.c.p

then @ possesses a fixed point. Moreover, the set of fixed
points of @ is well ordered if and only if @ has one and only
one fixed point.

Proof. Let k, = Q" (x,).

Step I. We will show that JLIEIOCP(KH, Kpi1> Kppp) = 0. Since «,,

<k, for each n € N, then by (35), we have

n+1

e(cp(Kn’ Kni1 Kn+1)) < G(CP(KVP Kni1> KYI+1))
= e(qp(@Kvx—l’ @Kn’ @Knﬂ)) < M(anl’ Kn> Kn+1)

© KipsFos
< G(CP(anl’ Kn> Kn+1))cp(Kn71’ Kps Kn+1) (MK on)

-1
< Cp(Kvx—l’ Kn> Kn+l)w W < cp(Kvx—l’ Kn> Kn+l)’

(37)

because

MKy 12K ) = mx &) (K 1050 ,),
6601 @5, 1, @, 1)y (K, @K, CK,)
T4 Gy (K12 Ko )+ Sp (12 Ko 12 @) + Gy (o o @y 1)
(6 @K, @K,)5, (1 O, @K,
T4 Gy (R @iy OK,) + Gy (s o @) 6y (s Ko )
Gy (1> @K,y @, )G, (K, Ay, Q)
L+ 6, (K,0 Ky @K,) + 6, (K, QK Q) + 6, (K5 QK Q)

}

= max {¢,(K,_1, K, )
(Kot Ko K1)Gp (Kops K1 K1)
1 Gy (K1 Koo K) + G (Ko Ko Kpa) + G (K Koo )
S (K> K15 K1 )G (Ko K1 K1)
Kt Knrt)  Gp (Ko Ko Kp) + G (K Koo Koy )
Sp (K> K1 K1 )Sp (Ko K1 K1)
1+ Cp(Kn’ Ky K1) + Cp(Kn’ Knel> K1) + cp(Kn’ Kyat> K1)

< max {cp(anl’ Kn’ Kn)’ cp(Kn’ Kn+1’ Kn+1)}‘

1+ cp(xn,

(38)

Therefore, {c,(,,k,1,,,1)} is decreasing. Similar to
what have been done in Theorem 27, we have



lim ¢, (k,_y, k,, &,) =0. (39)

n—00

Step I1. Now, we prove that the sequence {x, } is a g,-Cauchy
sequence. In other case, ie., that {x,} is not a g,-Cauchy
sequence, for an £ >0, we can find two subsequences {x,, }
and {«, } of {,} such that m; and n, are the smallest index
for which

n>m;>i and g, (K, K, K, ) 2 & (40)
This means that
Cp (Km,-—l’ Kn,-—l’ Kni—l) <E&. (41)

From the definition of M(x, k', k") and the above limits,

limsupM (K, 1> K, 1> K,y ) = limsup max {6, (K, 1> K, 1> K1)
00

i—c0
Sp (K1 @y 15 Q1) (K 1> QK 1> QK 1)
L4 G (15 K15 K1) + 6 (Ko 15 Ko 1> @ 1) + 6 (g 15 1> @y 1) ’
Cp(anl’ Qx> @"n,—l)gp (Kn;l’ Kn,-1> @Kn,—l)
16, (K10 @Ky @6y 1) + G (K m1s K1 @Ry 1) + G (1610 K10 @K ) '
Cp(anl’ Qx> @"n,—l)gp (Kn;l’ Qx> @‘n,—l) }
16, (K10 K1 @Ky 1) + G (10 @Ky 1y @K,y 1) + G (10 @K,y @K,y )

<e

(42)

Now, from (35) and the above inequalities, we have

O(e) <6 (hmsupcp (K K s Kni)>

1—00
< limsup (0 (M (Ko—1> K 1> Kni))G(M(Kmi-l,xni-1>f<nl-1)))
i—00
<f(e)e W,
(43)

which implies that w ™' (1) < limsup®(M(x,, , &, 1, &,
i—00 o ’

))- Now, as © € &, we conclude that {x,} is a ¢,-Cauchy

sequence. G,-Completeness of O yields that {x,}c,-con-

verges to a point U € O.

Step III. U is a fixed point of @.
When @ is continuous, the proof is straightforward.
Now, let (IT) holds. We leave the proof as it is similar to
the proof of step III of Theorem 27.

Corollary 31. Let (0, 5,,<) be an ordered g,-complete SSPMS.
Let @ : O — O be a <-increasing mapping so that k,<Q(x,)
for an element k, € O. Suppose that
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G(Cp (C@K, o', @K”))
Gp (1, @, Qx)g,, (K', ax', @K')
=0 (‘XICP(K’ x, K”) *a l+g, (K, x, K') +6, (K, %, @K') +5, <K', K, CQK)
S (K’, ox', @K')CP<K”, ox", @K”)
1+ Sp <K', @x", @K”) +6, (K', ', @K") +, <K”, ©’, @K')

S (K',@K”,@K”)cp (K",@K', @K') )

I+g, <K", «’, C@K’) +6, (K’, o', C@K') +6, (K", ox”, @K")

+og

A

+ oy

(44)

where a; € [0,1), A€ (0,1), and Y. a; < 1. If
(I) @ is continuous, or
(II) (O, <) possesses the s.l.c.p

then @ admits a fixed point. In addition, the set of fixed
points of @ is well ordered if and only if Fix(Q) is a singleton.

The Banach contraction principle is immediately
obtained from the mentioned corollaries 28, 34, and 31.

Definition 32. Let (0, ,,<) is an ordered SSPMS. A mapping
@ : O — O is called a SPGJSC if there exists ® € €, such that

G(Cp (@K, ox', @K")) < 9<M(K, x| K:N)>®(M(K)K,>K”)))
(45)

for all comparable elements x, k', x" € O, where

! "
M(K,K,K )zmax

. {gp (K, x', K”) »Sp (K', ox", @K”), S, (KN, ok, @K') }

(46)

Theorem 33. Let (0, ,,<) be an ordered c,-complete SSPMS.

Let @ : O — O be an <-increasing mapping such that xy=<Q(
K,) for some element x,, € O. Suppose that @ be a SPGJSC. If

(III) @ is continuous, or

(IV) (0, <) possesses the s.l.c.p

then @ has a fixed point. Moreover, the set of fixed points
of @ is well ordered if and only if @ has one and only one fixed
point.

Proof. Assume that «, = Q" (k). Since k,<@(x,) and @ is an
<-increasing function, we obtain by induction that

K=< @(Ky) 3@ (K )<+ 2@" (1) @™ ()< (47)

We shall do the proof as follows.
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Step 1. We will show that lim ¢, («,, k1, k,,;) = 0. Since «,
n—00
K, for each n € N, then by (45), we have
G(Cp(Kn, Kn+1> Kn+1 ) G(Cp( n—1> @Kn’ @K ))
<OM(K,_,, K, K ))@(M< Ko1Kk )
<O(6p(Kyo1s Ky ) )
<0(c, (%, 1’Kn,Kn))w_l(l)
<O(6,(Kyep K ) )
(48)
because

MK,y K, K,) = max {G,( K, @K, Q%) }

= max {Cp(anl’ Kn> Kn)’ Cp(Kn’ Knt1> Kn+1)’ Cp(Kn’ Knt1> Kn+1)}

< max {Cp(’cnfl’ Kn’ Kn)’ Cp(Kn’ Kn+l’ KnH)}’

Kt K> K )> G (K> @K,y @, ), 6, (

(49)
and it is easy to see that max {¢,(x, i, %, &,),6,(x,
K1 K1) } = Gp(Kyu_1> K,pp K,), SO from (48), we conclude that
{6y (K K1 Ky )} is decreasing. Then, there exists r>0
such that lim ¢, (k,,, k.1, K,.41) =7

n—00
We will prove that r = 0. This can be done as in the pre-
vious theorem. So,

lim g, (k,_y, k,, &,) =0, (50)

n—00

holds true.

Step I1. Now, we prove that the sequence {x, } is a g,-Cauchy
sequence. Suppose that {x,} is not a ¢,-Cauchy sequence.
Then for some &> 0, we can find two subsequences {x,, }
and {«, } of {,} such that m; and n, are the smallest index
for which

n>m>i and G, (K, K, K, ) 28 (51)

ie,
S (Km[_l, K 1> Kn’_l) <e. (52)
From the definition of M(x, k', k") and the above limits,

limsupM (k,, ;> K, _> %, _;) = limsup max

im0 i—00
’{Cp (Km,.—l’ Kp—1> Kni—l)’ Sp (Kni—l’ QK15 @Kn,»—l)’ Sp
(K15 @K,y 15 @K,y ) } <E.
(53)

Now, from (45) and the above inequalities, we have

O(e) <6 (hmsupcp (Ko K> Kni)>

limsup(ﬁ(M(Kmi,l,Knl,l,Kni,l))
<limsup® (M (K, _y» 1, 15K, 1)) 77

i—00

limsup®(M(:cmi_l,xnx__l,xni_1 ))
<0(g) oo >

(54)

which implies that 1 <limsup®(M

i—00

(Km,’ Kni—l’ Kni—l)) <

w™'(1). Now, as ® € &, we conclude that {«,} is a ¢,-Cau-
chy sequence. g,-Completeness of O yields that {, }c,-con-
verges to a point U € O.

Step III. U is a fixed point of @. This step is proved as the
proof of step III of Theorem 27.

Corollary 34. Let (0, ,,<) be an ordered g,-complete SSPMS.

Let @ : O — O be an <-increasing mapping such that x,<@Q(
K,) for an element k, € O. Suppose that

9<CP (@K, @x', @K"))

< Q(alcp (K, « K") +a56, (K/, ax’, @K") + 056, (K", ax', @K'))A,
(55)

where a; € [0,1), A€ (0,1) and Y;_,a; < 1. If

(I) @ is continuous, or

(II) (0, ) possesses the s.l.c.p

then @ has a fixed point. Moreover, the set of fixed points
of @ is well ordered if and only if Fix(Q) is a singleton.

The Banach contraction principle is immediately
obtained from the above corollary.

Example 35. Let 0= [0,00) and g, on O be defined as ¢, (x, x

L) = (- |+ | -« ]2, for all «,«',x" € 0. Let the

ordering “<” on O be as follows:

k<k' ok <k, Vi« €0. (56)
Define self-map @ on O by
1 L.
@K:Zln( K2+1+K):Zsmh K. (57)

Define ® : [0,1) — [0, 1/2) as ®(¢) = 1/16t and 0 : [0,00)
— [1,00) as O(t) = cosh t.
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Using the mean value theorem for the function sinh™", we
have

cosh( (@K, 6x’, CQK"))

{@K @K| +|@K @K”|2)
2

1 1
+|= sinh™'%" = = sinh~
4 4

1
= (‘Z sinh™! K— - smh '

2
"
lK

<c h<1—16 ‘K*K| +|K 7;("2])
<c h(cp<1<x K )) (')

©(M( m’x”))
<c (M(K K, K ))

(58)

Note that for all x >0 one can see that cosh ((1/16)x) <

cosh (x ) (160 Thys, (16) is satisfied for all «,«',x" € 0.
Therefore, all the conditions of Theorem 27 hold true. More-
over, 0 is a fixed point of @.

4. Existence of a Solution for an
Integral Equation

We consider the following integral equation:

b
K(t) :J I(t,s,x(s))ds+y(t), (59)

a

where b >a > 0. Our aim in this part is to present the exis-
tence of a solution for (59) which is an element of 0 = C|a,
b] as an application of Theorem 30.

The above equation can be changed as follows.

Let @ : O — O be defined by

Qx(t) = be(t, s, k(s))ds + p(1), (60)

a

for all x € 0 and for all ¢ € [a, b]. Clearly, existence of a solu-
tion for (59) is equivalent to the existence of a fixed point
of @.

Let

d(%, V) = max|2(t) -

tea,b)

7O =%-7%-  (61)

Let O be equipped with the sequential ¢,-metric given by

UV W) =F(d(UV)+d(V,U)), (62)
for all %, 7', W € 6 where [ : [0,00) — [0,00) is a strictly
increasing continuous function with ¢ <f(¢) for t >0 and
F(0) =0 which is a g,-complete SSPMS with control func-
tion w(t) =F(277't). Let the partial ordered < given by «
<k' & «(t) <«'(t), for all t€[a,b], be defined on O. (6,
<) has the sequential limit comparison property [17].
Now, we state the following consequence.
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Theorem 36. Suppose that

(i) T : [a,b] x

continuous
(ii) |D(t, 7, 6(r)) = T(t, 1, 6" (r)) | < | x(r) — &' () |

for all t,r € a, b] and for all x, k' € O with k<x';

[, b)x R>R and y:[a,b]>R are

(iii) for all positive values A, u, v we have

O(F(Au+Av)) < /O(F(p +v)), (63)

(iv) for some function « : [a, b] — R one has

b
alt) < J I(t,s,a(s))ds +y(t). (64)

a

Then, the integral equations (59) has a solution « € 0.

Proof. Let «, ' € O be such that x > «’. From condition (ii),
for all t € [a, b], we have

e(p(\m(t) — ek ()| + |@x'(

t) - @k’ (t) y"))
<0 <F<(Ji | L(t,s,x(s)) - F(t, s, K'(s)) | ds)p

([Jresv)-resvm)e) )
< 9<F(<a b Ji F(t5 1(9) - T(15 ¢ (9)[ds
t(a- bﬁja (b5x'9) -1 (150 [dss)
<o((r(ta-07[ s (9
+a-b) jb\x ")

24

SG(F((a— 7||K—K ||ZO+(a—b)27||K’_K”HP))
< (e (I o I 7)),

Therefore, taking the sup on [a, b], we have

G(CP (@K, ax’, @K")) < G(M(K,K', K”)), (66)
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where

(16 K, Qx)g, <KI,K,>@K’)
M(K, K',K") = max { (K, K K”) 1+F[Cp (K’K ” ) +3, (K, K, @K,)} ’
qp(x «' @K)
‘HF[CP(K P +<P(K x', Ox" )],

(Ko K'f;cp<x ) )}

.1+CP(K ox', o' + (" aox", @

¢, (k" «" @K)

(67)

So, from Theorem 30, there exists x € 0, a fixed point of @
which is a solution of (59).

5. Conclusions

In this paper, we worked on a space which fails the commu-
tativity property, usual rectangular property, and continuous
property. So, we are very restricted in such spaces.
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