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Abstract

The paper aims to investigate different types of weighted ideal statistical con-
vergence and strongly weighted ideal convergence of double sequences of
fuzzy numbers. Relations connecting ideal statistical convergence and strongly
ideal convergence have been investigated in the environment of the newly de-
fined classes of double sequences of fuzzy numbers. At the same time, we

have examined relevant inclusion relations concerning weighted (A4, 1) -ideal
statistical convergence and strongly weighted (A4, x)-ideal convergence of

double sequences of fuzzy numbers. Also, some properties of these new se-
quence spaces are investigated.
Keywords

Fuzzy Numbers, Ideal Statistical Convergence, Double Sequences of Fuzzy
Numbers, Weighted

1. Introduction

In 1965, Zadeh [1], an expert in cybernetics at University of California, first
proposed the concept of fuzzy set theory. Since its inception, fuzzy set theory
and its applications have been attracting the attention of researchers from vari-
ous areas of science, engineering and technology. In daily life, the practical
problems we have to solve often involve uncertainty, which can be expressed by
fuzzy number [2]. Therefore, in the following research work, the convergence

problem of sequences of fuzzy numbers is particularly important. The concept of
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statistical convergence of fuzzy sequence is defined by Savas [3], at the same
time, statistical convergence of sequences of fuzzy numbers is expressed by the
sequences of fuzzy numbers with zero natural density and the general conver-
gent sequences of fuzzy numbers. In 1986, Matloka [4] introduced the concepts
of bounded and convergent sequences of fuzzy numbers and studied their prop-
erties. In 1989, Nanda [5] studied the bounded and convergent spaces of fuzzy
numbers and established that they are complete metric spaces. In 1995, Naray
and Savas [6] extended the concept of statistical convergence to sequences of
fuzzy numbers and showed that a sequence of fuzzy numbers is statistically con-
vergent if and only if it is statistically Cauchy. In recent years, the problem of
statistical convergence of sequences of fuzzy numbers has been studied exten-
sively by Talo [7], Balen [8], Cinar [9] and Dutta [10], some interesting results
related to statistical convergence of sequences of fuzzy numbers and related no-
tions can also be found.

In this paper, we give the concept of weighted (A,x)-ideal statistical con-
vergence and strongly weighted (4, ) -ideal convergence of double sequences
of fuzzy numbers. And we have examined relevant inclusion relations concern-
ing different types of weight ideal statistical convergence and strongly weight

ideal convergence of double sequences of fuzzy numbers.

2. Definitions and Preliminaries

In this section, we give some basic notions which will be used throughout the
paper.

Let AcF (R) be a fuzzy subset on R. If A is convex, normal, upper semi-
continuous and has compact support, we say that A is a fuzzy number [11] [12]
[13]. Let R® denote the set of all fuzzy numbers.

For AeR®, we write the level set of A as A = {x : A(X) > A} and
A, =[ A, A ]. Let ABeR", wedefine A+B=C iff A, +B,=C,,

A€[01] iff A;+B; =C, and A;+B; =C; forany 1€[0,1]. A,-B,=C,,

where

C, =min{A; -B;,A; -B;, A -B;, A -B}}, (2-1)
C; =max{A, -B;, A, -Bj, Al -B;, Al -B;}. (2-2)

Define
D(AB)= sup d(A,,B,)= sup max{|A; -B;|||A; =B;[}, (2-3)

16[0,1] ﬂ.e[O,l]

where d is the Hausdorff metric. D(A, L5>) is called the distance between A
and B.

Using the results of [11] [12] [13], we see that

1) (Ii°, D) is a complete metric space,

2) D(u+w,v+w)=D(u,v),

3) D(ku,kv)=|k|D(u,v) keR,

4) D(u+v,w+e)<D(u,w)+D(v,e),
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5) D(u+v,0)<D(u,0)+D(v,0),

6) D(u+v,w)<D(uw)+ D(v+5) ,

Where u,v,w,e e R®, 0 represents zero fuzzy number.

Let Xis a nonempty set, | 2% is said to be ideal on X [14] [15], if:

1) Oel;

2)if A Bel,then AUBel;

3) For Ael,if Bc A,then Bel.

Especially, if | #@ and X A |, then /is said to be a nontrivial ideal on X.

A sequence {X,} of fuzzy numbers is said to be statistically convergent to a
fuzzy number X, if for each £>0 theset A(¢)={neN:D(x,, %)=&} has
natural density zero. The fuzzy number X, is called the statistical limit of the
sequence {X,} and we write st—limx, =X,. A sequence {X,} of fuzzy num-
bers is said to be ideal statistically zg;vergent to a fuzzy number X, if for each
£>0 theset A(g)={k<n:D(x,,%)=>¢}el,where /ia a nontrivial ideal on
X|[16] [17].

A double sequence of fuzzy numbers x = {x jk} is said to be bounded if there
exists a positive number M such that D (x ik ,5) <M for all j,keN, ie if
sup D(Xjk ,5) <o ,where N = {O,l, 2,---} [14].

j.keN
Let K NxN and K(m,n)={(j,k):jSm,ksn:m,neK}. The number

.1
5, (k)=P- Ilm—| K(m, n)| is called the double natural density of K, provided
mn mn

the limit exists [18] [19].

A double sequence of fuzzy numbers x = {x jk} is said to be statistically con-
vergentto LeE" ifforevery &>0, §, (K (m,n)) =0, where
K(m,n)z{(j,k): jsmk<n: D(xjk,L)Zg},i.e.,
P—Im%{(j,k): j<mk<n:D(x,L)>ef=0.

In this case, we write, st, —limx = L. The set of all double statistically con-

vergent sequences of fuzzy numbers is denoted by st? (F) [20] [21].

3. Main Results

Definition 3.1. Let p= { p; }T:O and (= {qk}::o be sequences of nonnega-
tive numbers such that p, >0, m=123,:--,; p,>0 and q,>n,
n=.23:--, gq,>0 with

m
Pm:ij—mo,as m-—>.
j=0

n
Q, =D.¢—>®,as N>,
k=0

The weighted mean t” is defined as

1 m n
z z qukxjkv

Pan j=0 k=0

1
tmn -
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m
2 P

10 _
mn_

|H 'U||—\

{0 —

ngkmk’

where m,n>0 and (ﬁ,}/) = (l,l),(l,O),(O,l).
Definition 3.2. A double sequence of fuzzy numbers x = {xjk} is weighted

ideal statistically convergent to X, if forevery &>0, & >0, we have

‘{(j,k): j<P . k<Q,: qukD(xjk,xo)Zg}‘zﬁ}e l.

m™n

mneNxN: !
P.Q

In this case, we write, X; — X, (SNz ) .
Where let k € NxN . We define the double weighted density of Kby

Sy, (K)= |nim |KP o (mn)|

where K, o (m,n) =:{(j,k): j<P,k<Q,: qukD(xjk,xo)z g} ,
liminf p, >0, liminfqg, >0.
Definition 3.3. A double sequence of fuzzy numbers x = {xjk} is strongly

20 } el.
and we write X; — X, (WNz ) .
Definition 3.4. Let A ={4,} and x={y,} be two nondecreasing sequence

weight ideal convergent to X, if

1055 S pan(x.x) <]

. Qn 70 k=0

{m,neNxN:

of positive real numbers such that each tendingto « and A4, <A +1, 4 =1;
Mo Sy +1, =1
Let p= { p j} and Q= {qk} be two sequence of nonnegative real numbers
such that p,>0, m=123,--, p,>0 and g,20, n=123,--, q,>0
with
=D pj>®,as Moo,
i=Im

=Y g >o,as N>,
k=1,

where J =[m-A,+1m], I =[n-zx +1n].

We define generalized weighted mean as follows:

O-;]H: Zzqu jk

P Qﬂn j=Im k=ly
=_Z PiXjn»
P i=n
:Q_MZQk mk

Definition 3.5. A double sequence of fuzzy numbers x = {x jk} is said to be
weighted (A, ) -ideal statistically convergent to X, if for every ¢>0, §>0,

we have
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{m,neNxN: H(j,k):jsPAm,stun : qukD(Xjk,xo)Zs}‘Zé}e I,

Am St
In this case, we write X; —> X, (SN(A )). We denote the set of all weight
M
(A, 1) -ideal statistically convergent double sequences of fuzzy numbers by

Nzw) ©

Definition 3.6. A double sequence of fuzzy numbers x = {x jk} is said to be

5}e..

Remark 3.7. When we take A4, =m, gz, =n forall m,ne N, weighted
(A, 1) -ideal statistically convergence reduces to weighted ideal statistically con-

strongly weight (A, ) -ideal convergent to X, if

{(Lk); 1 zzqukD(xjk.xo)Ze;}

Pﬂm Qﬂn jedn kely

I\

{m,neNxN:

In this case, we write X; — X, (WN(A,,‘) ) )

vergence; strongly weight (4, ) -ideal convergence reduces to strongly weight
ideal convergence.

Remark 3.8. When we take p; =1,q, =1 forall jkeN and A4, =m,xu, =n
for all m,ne N, weighted (/1,,u) -ideal statistically convergence reduces to
ideal statistically convergence; strongly weight (4, i) -ideal convergence reduc-
es to strongly ideal convergence.

Theorem 3.9. Let x = {xjk }, y= {yjk} are the sequence of fuzzy numbers:

DIf Xy —>XO(SNW)) and ceR,then CX; %CXO(SN(A,A));

2)If X3 = X (S”a.m ) Yic = Yo (Sﬁu.m) then X; + Y —> X + Y, (Sﬁ(i.u) )

Proof. 1) When c =0, the conclusion is clearly established.

Let ¢ =0, we have

P 1Q ‘{(j,k)IjSP%,kﬁQﬂn : qukD(CXjk,cxo)Zg}‘
Am "% tn

‘{(J',k): j<P,_.k<Q,: qukD(cxjk,ch)zg}‘zé}

o]

<
P)‘m Ql‘n

o |n

{(j,k): j<P,_,k=<Q,: qukD(Xjk'XO)Z

So

{m,neNxN:
Am ¥ tin

c{m,neNxN:

{(j,k): j<P,.k<Q, :p;gD(X;. %)

o |,

Am "% tn

We have CX;, — CX, (Sﬂ(l,u) ) .

2) Let Xy — XO(SNM ),yjk - yO(SN(l )),then

M)

{m,neNxN: H(j,k):jsPAm,stun : qukD(Xjk,xo)Zs}‘Zé}e I

Am St
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{m,neNxN: ‘{(j,k):jsPAm,ngﬂn : qukD(ij,YO)ZE}‘ZcS}eI.

A < i
On the other hand,
D(xjk + Yo X +y0)$ D(xjk Y X +yjk)+ D(x0+yjk,x0 +y0)
=D(Xj. % )+ D(Yjr Yo )-

for Ve >0, we have

5 H(j,k): j<P_k<Q,: qukD(xjk +yik,x0+yo)25}‘
%Qﬂn

<
le Q.“ n
1

Pl Q Hn

m

{(j,k): j<P_k<Q, : qukD(xjk,xo)ng

+

{(j,k)i i< le,kSQﬂn : qukD(yjk’yO)Zg}"

So

{m,neNxN: ‘{(j,k):jsPAm,styn : qukD(xjk+yjk,x0+y0)25}‘25}

Am %k

g{m,ne NxN : ‘{(j,k): j<P,_k<Q, : qukD(xjk,XO)Zg}‘zd}

le Hn

U{m,neNxN: ‘{(j,k):ngAm,stﬂn : qukD(yjk,yO)zg}‘zé}e l.

Am St
We can get X t Y 2> %+ Yo (SN(M) ) ’

Incase A,=m,u, =n forall mneN, Sn(. ) -ideal statistical convergence
reduces to S -ideal statistical convergence and then we have the following co-
rollary.

Corollary 3.10. Let x = {xjk } Y= {yjk} are the sequence of fuzzy numbers:

DIf Xy — XO(SNZ) and ceR,then CX; —)CXO(SNZ);

2) If Xy —> X% (SNz ) Yik = Yo (SNZ) then X; + Yy =X +Y, (Sﬁz).

Theorem 3.11. Let x :{xjk} is the sequence of fuzzy number, there is a
Sy -ideal statistically convergent sequence of fuzzy number y = {y jk} , such

thaf#{xjk} = {yjk} for almost all j,k, then y= {yjk} also SN(‘ ) -ideal statis-
tical convergence.
Proof. For almost all j,k, we have {xjk}:{yjk}, and Yk = yO(SN(A )).

Let £¢>0, 6>0,then

{m,neNxN: ‘{(j,k):jsPim,st”n : qukD(xjk,XO)Zg}‘ZcS}

Am "%t

1 . .
c<imneNxN: H(J,k):Jgle,stﬂn : qukD(yjk,yO)Zg}‘zd
Pjva#n

U{(ik): i <P, k<Q, 1, # Yy}

DOI: 10.4236/am.2022.131003 32 Applied Mathematics


https://doi.org/10.4236/am.2022.131003

X. Feng

Let S=S (8) is the number of elements in the set of
{(5.K):i<P, .k<Q, X # Y/, then

‘{(Lk): j<P_.k<Q, : qukD(Xjk,Xo)Zg}‘
<[((i.k):i<P, k<Q, :paD (v v0) > &]|+S.

So

{m,neNxN: H(j,k):jsP,lm,stﬂn : qukD(xjk,xo)Zg}‘ZcS}el.

Am i
The theorem proved.

In case A4, =m,u, =n forall mneN, SN( -ideal statistical convergence

Au

reduces to Sy -ideal statistical convergence and then we have the following co-
rollary.

Corollary 3.12. Let x= {xjk} is the sequence of fuzzy number, there is a
Sy -ideal statistically convergent sequence of fuzzy number yz{yjk} , such
that {xjk} :{yjk} for almost all j,k, then yz{yjk} also Sy -ideal statis-
tical convergence.

Theorem 3.13. Let qukD(xjk,x0)£ M for all j,keN. If a double se-
quence of fuzzy numbers X = {X jk} is weight (A, ) -ideal statistically conver-
gentto X, then it is strongly weight (A, x)-ideal convergentto X,.

Proof. Suppose p,q, D(xjk , XO) <M for all j,keN and the double se-
quence of fuzzy numbers x = {x jk} is weight (A, ) -ideal statistically conver-

gentto X,. We note
K, ., (g):{(j,k): j<P, _k<Q,: qukD(xjk,XO)Zg}

z Z qukD(Xjk’XO)

jely kel

=2 > qukD(xjk,x0)+ ) ) qukD(Xik'XO)
i i C
jedm ke'”'kEKPA—nQﬂn JEN ke'"’kEKPAmen

> 2 > qukD(Xjk’XO)

jedm kely keKp, o,
=H(J,k)i j<P, .k<Q,: qukD(Xjk,Xo)ZS}‘-M.

which implies that

. 1
{m,neNxN:{(J,k):P > ijqu(xjk,xO)Zg}zé}
AmQﬂn jedn kely
c{m,neNxN : 5 ! H(j,k):jsle,kSQyn : qukD(xjk,xo)Zg}‘zé}el.
Am St

ie Wy, Sy .
M M
Theorem 3.14. Let a double sequence of fuzzy numbers X;, is strongly weighted
(A, ) -ideal convergent to X,, then x; is weighted (A,u)-ideal statistically

convergent to X;.
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Proof. Let K%Qﬂn (g)z{(j,k): i<P,_k<Q,: qukD(Xjk,Xo)Zg},then

Yy P;GD (X1 %)

PAmQ#n jedy kelp
1
= Z Z qukD(Xjk'XO)

P/am Qﬂn jedm keln,kerlmQ“n

- > > qukD(Xjk’XO)

P/lm Qyn i€ keln,kngAmQﬂn
1

Z qukD(Xjk’XO)

Pﬂm Qﬂn jedn kely 'kEKleQMn

+

> ¢
Pjvm Q#n

where Kp, o (5):{(j,k): j<P,_.k<Q, : qukD(xjk,xo)Zs}.
We have

KpimQ#n (8) '

{m,neNxN: ‘{(j,k):jéplm,kSQ”nijqu(Xjk,Xo)Zé‘}‘Zé}
Am i
cimneNxN:[(jk): ! Y Y paD(xp.% )2z el
Pj,mQﬂn jedn kely

We get X; is weighted (A, 1) -ideal statistically convergent to X, .

4. Conclusion

In this article, we aim to investigate different types of weighted ideal statistical
convergence and strongly weighted ideal convergence of double sequences of
fuzzy numbers. Relations connecting ideal statistical convergence and strongly
ideal convergence have been investigated in the environment of the newly de-
fined classes of double sequences of fuzzy numbers. At the same time, we have
examined relevant inclusion relations concerning weighted (A, ) -ideal statis-
tical convergence and strongly weighted (4, ) -ideal convergence of double

sequences of fuzzy numbers.
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