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Abstract

In this paper, a mathematical model describing the dynamics of Chlamydia trachomatis infection
in a human carrier is presented. The model incorporated relevant feature such as recovery
through drug administration. The existence and uniqueness of solutions of the model were
examined by actual solution. We conduct local and global stability analysis for the model. The
results show that it is stable under certain conditions. The system of equations were solved
analytically using parameter-expanding method coupled with direct integration. The results are
presented graphically and discussed. It is discovered that the influence of burst size per infected
cell, rate of cell infection and recovery rate due to drug administration is quite significant.

Keywords: Chlamydia; Chlamydia trachomatis; sexually transmitted diseases (STDs); stability
criteria.

1 Introduction

Chlamydia is an obligate intracellular bacterial pathogen that infects the genital and ocular mucosa
of humans causing sexually transmitted disease (STD) and Trachoma. It is estimated that 70 —
75% of endocervical infections in women caused by bacterium. Chlamydia trachomatis are
asymptomatic and may persist for months to years [1].
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According to Wilson [2], the disease due to invading Chlamydia commences as chlamydial particle
infect epithelial cells of mucosal linings. However, the immune system responds via two
mechanisms, such as humoral immunity and cell-mediated immunity. For more details on humoral
immunity and cell-mediated immunity, see [2].

It has been suggested that cell-mediated immunity, not humoral immunity, plays the dominant role
in protective immunity against Chlamydia [3]. The importance of cell-mediated immunity to
chlamydial infection has been emphasized in a number of studies [4,5]. Wilson and McElwain [6]
modelled humoral immunity against chlamydial challenge by tracking the antibody and host cell
receptor aggregation over chlamydial particle. In another development, Wilson et al. [7] modelled
the inter-conversion between infectious and replicating chlamydial particles to track the number of
particles within a host cell with time over the developmental cycle.

It is a general belief that if a patient received treatment, he or she may recover and move to
recovered class. This, we thought, may also be applicable to the infected epithelial cells of
mucosal linings. As a result, we thought there are other factors and parameters which can be
taken into consideration during the model development process of the disease. So, this present
study investigates the criteria under which the rate of recovery of infected cells through drug
administration could lead to the stability of equilibrium point.

2 Model Formulation

We modify the Wilson [2] model by incorporating recovery through drug administration. We let
C(l‘) be the concentration of free extracellular chlamydial particles, E(t) be the number of

uninfected mucosal epithelial cells (main host cell for Chlamydia), I(t) be the number of

Chlamydia-infected epithelial cells and R(t) be the number of epithelial cells which recovered

from Chlamydia-infection. Arising from the above, a simple mathematical description of the change
in the interacting ‘species’ is:

dC
E:PCKZI_IUCC (1)
Cf{—f =P, —u,E-KCE+®R (2)
dl
Z:—KZI—;/InLKICE—,uEI—éI (3)
‘;—1:=51+;/1—/15R—a)R 4)

As initial condition, we choose

c(0)=C,, E(0)=E,, 1(0)=1,, R(0)=R,, (5)
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where PC is the number of Chlamydial particles released from infected cells, K, is the rate at
which Chlamydia particles are released from infected cells, (. is the natural death rate of

Chlamydial particles, P, is the epithelial cells reproduction rate, y, is the natural death rate of

epithelial cells, K, is the rate of Epithelial cell infection which may be reduced by antibodies, @ is
the waning off Immunity, } is the rate of clearance of infected cells due to cell-mediated immunity

and O is the recovery rate due to drug administration.

3 Method of Solution
3.1 Existence and Uniqueness of Solution

Theorem 1: Let F. = 1, My = U = M. Then the equations (1) — (4) with initial conditions (5) has

a unique solution for all >0.
Proof: Let F.=1, u,=p. =y and ¢(t) = C(t)+E(t)+I(t)+R(t) , we obtain

G b, HO)~(Co R~ ©

Using method of integrating factor, we obtain the solution of problem (6) as

P

_1E 1— —ut —ut
é(1) ﬂ( e )+¢Oe (7)

Then, we obtain

C(t):(%+(¢0—PEJe"”}—(E(t)+I(t)+R(t)) ®)
E(t)z(%+[¢0—%je”’J—(C(t)+](t)+R(t)) ©)
I(t)z(%—i—(% —%Je”tJ—(C(t)+E(t)+R(t)) (10)

R(t):[%+[¢o_%je-wj_(c(;)+E(t)+1(t)) (1)

Hence, there exists a unique solution of problem (1) - (4). This completes the proof.
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3.2 Stability Analysis

Our system of equations (1) — (4) has a trivial steady state:

C=0, -t 1=0, R=0 (12)
Hg
and a non-trivial steady state:
C= O'(aﬂcﬂE _K1K2PCPE)
Kt (for-oa)
-
KIKZPC
) (13)
7= O-(a/uC/uE _KIKZPCPE)
K K,P.(fpo—oa)
R= ﬂ(a/ucﬂE _KlepcPE)
K K,P.(po—oa)

Corresponding to clearance of infection and active disease respectively,
where 0{=(K2 +y+ +§), p=0+y, O=U;+0O

P, o _ -
Theorem 2: If — # ——— there exist two equilibria.

uy K K,F.

Proof: The infection-free equilibrium is given by B, = (O,i, 0, OJ
Mg

f C#0, 1+0, R#0,then E=—"Hc

K1K2PC

Hence the other equilibrium is

2

_ O'(a,uc,uE_KlepcPE) ol O-(a,uc,uE_KlepcPE) ﬂ(aﬂCﬂE_KlepcPE)
Ky (po-oa) ~KK,P.  KK,P.(Bo-oca) ' KK,P.(po-oa)

= (¢1v¢2v¢3v¢4)

This completes the proof.
Next, we shall conduct stability analysis of the critical points.

Then, the Jacobian matrix of our system of equations (1) — (4) is
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—Hc 0 RK, 0
-KE -u,-KC 0 o

Df (C,E,LR)= KE KC w0 (14)
0 0 g -o

The linearization of (14) at B, = (O,i, 0, O) is

He

-, 0
Df(o,i,0,0J: T © (15)

He

with eigenvalues:

Where

q=FK,, r=

By definition, all the parameters are non-negative, hence g and r are non-negative.

1. If ey, >qr and (a + )2 —4(0:/1C —qr) >0 the eigenvalues are real, unequal and
negative.
2. If (a + U )2 —4(05,uC - qr) =0 the eigenvalues are real, equal and negative.

3. If o >qr and (a + U )2 —4(05/1C —qr) <0 the eigenvalues are complex with
negative real part.

So in either case the disease-free equilibrium (DFE) is locally asymptotically stable.

Now, let us denote the endemic equilibrium (EE) points (¢,4,,¢;,4,) where each component

corresponds to an earlier specified value.

We let
C*:C—¢1, E*:E—¢2, I*:I—¢3, R”‘:R—¢4

Then
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dc*

7 =P.K,[*-pu.C* (17)
dE* % % % *
” =—u, E*-K ¢,C*-K $E*+oR (18)
d]* % k %
7=K1¢2C +K1¢1E —al (19)
%
dj; =pI*-coR* (20)
t
Thus
c*) (C*
E* E*
=4 (21)
I* I*
R* R*
Where
~He 0 g 0
-r —-s 0
A=
r p —a 0
0 0 g -o
and 97 F.K,, r=K¢, S z(/lg +K1¢1)a =K
Thus
|4-A1|=0
Implies
A =-0
And

P(/I)=/13+(,uc+s+a)/12+(,ucs+,uca+sa—qr)/1+(,ucsa+qr(p—s))=O (22)

Theorem 3: Let K, =0. Then Equation (22) has three negative roots or one negative root and
two complex roots.
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Theorem 4: The infected (endemic) equilibrium is locally asymptotically stable if K1 =0.

Proof of theorems
The proof of the theorems 3 and 4 involved using the
(i) Descartes rule of signs:

The number of positive zeros of a polynomial with real coefficients is either equal to the number of
variations in sign of the polynomial or less than this by an even number and

(ii) Routh-Hurwitz criteria [8]:
All zeros of A’ +al’ + BA+ y =0 have negative real parts if and only if of — y > 0.

Therefore, all zeros of (22) have negative real parts if and only if
(#te +s+a)(pes + pea +sa—qr) = pesa+qr(p—s))>0
That is
(ue+s+a)(pes+pa)+sa(s+a)—qr(u.+a+p)>0 if K =0.
Proof of theorem 3

From P(/l) in (22), we obtain
P(—/l) =1 +(,uc +s+0¢)/12 —(,ucs+,uca+sa—qr)/1+(,ucsa+qr(p—s)) =0

So the number of change in sign is 3, if K, =0. Hence by Descartes rule of signs, P(/”L) have
either three negative roots or one negative root and two complex roots. This completes the proof.

Proof of theorem 4
Since the inequality holds if K, = 0. By theorem 3 and Routh-Hurwitz criteria, (22) has

(i) Either three negative roots or
(ii) One negative root and two complex roots whose real parts are equal and negative.

So in either case the equilibrium is locally asymptotically stable. This completes the proof.
Furthermore, we have the following result on the global stability of DFE.
Let N stands for the total epithelial cells of mucosal linings. Then we can writt R=N—-E—1.

We consider the model (1) - (3). Note that

C'=P.K,I -, C<P.K,N—pu.C
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We have 0<E, 0</] and E+I<N . The biological domain of this system (1) — (3) is the
standard simplex.
P.K,N

The set Q:{(C,E,I):EZO,I20,0£E+I£N,OSCS
He

} is a positively invariant
compact set for (1) — (3). The system is well posed.

The basic reproduction number is given by

P.KK,

Oflc

R, =—“—2E,

0

Theorem 5: If R, <1 then the DFE is globally asymptotically stable on Q.
Proof: We define a Lyapunov function
V=F.K,I+aC
Clearly V' > 0. Consider its derivatives:
V =P.K,l+aC = P.K,K,CE —ay.C =

a 1
P.K,K,CE, (E —Lj < P.K,K,CE, (1 - —j <0
CKIKZ 0 RO
Since R, <1. We see that V =0 if and only if C=0 or R, =1. Hence the largest invariant set in
{(C,E,I) eQ: V(C,I) = O} is reduced to the DFE. Since we are in a compact positively invariant
set, by the LaSalle’s Invariance Principle [9], the DFE is globally asymptotically stable in €.

3.3 Solution by Parameter-expanding Method

Parameter-expanding method proposed by He and was successfully applied to various
engineering problems [10]. We apply Parameter-expanding method to equations (1) — (4), where
details can be found in [10].

For convenience, let C=x, E=y, [I=z, R=v and suppose the solution
x(1), y(1), z(¢t) and v(r) in(1)-(4) can be expressed as

x(t)=x,()+Kx, (1) +Kx, (1) +hot

y(t)=y,(t)+ Ky, (t)+ K}y, (t)+hot

+Kz, (1) + Kz, (t)+hot
)+K vz( )+h.0.t
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where h.o.t. read “higher order terms in K. In our analysis, we assume K is small, so we are

interested only in the first two terms.

Substituting (23) into (1) - (4), and processing,
dx,
— =P Kz, —ux,,
dt cB8rZg = HeXy
dy,
—2 =P + v, ,
dt E ~Heg)o 0
d
By g
dt
dv,
— =Bz, —ov,,
dt ﬂO 0
dx,
— =P K z,—u.x,
dt 8z — HeXy
dy,
—L == —X, Y, + oV, ,
i HeVi =X Vo 1
L,
dt 0 Yo 15
dv,
— =z —ov,,
"L gz

Solving equations (24) — (31) by direct integrat

X, (t) =a,e " +a,e "

we obtain:

X, (0)=x0

Yo (O):yo

ion, we obtain

Yo (t) =a, (1 —e ) +a, (e"‘” —eH! )+ a; (e"” —e ) + y,e

z,(t)=zp™

Y (t) =ae " +ae”

_ —Hct -at _ —at —2at —Hct
x (t)=de de cste™™ +cie " Fete " e

—(pp+a)t —(pe+a)t
Cy€ +c,e +cCz€

~(uc+o)

—(o+a)

¢
+c e

~(up+uc)t

(24)

(25)

(26)

(27)

(28)
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Y (£) =me™ +n,e " —ne ™ +njte ™ —e, e —ne ! — n7ef(°'+a)t - nge_(” phme) )
née—(,uc+a)t _nge—(yc +o)t + nloe—(yﬁﬂz)t
_ —at -2at —at —pict ~(ugra) ~(o+a) (ugtuc)t
z, (1) =byte a,e”"" +be age "' +a,e a,,e ae 38)
alze—(,ucﬂz)t _ aBe—(,uCﬂr)z
v (t)=ce ™ —cie ™ —bte™ +be” " +b,e™ +b, Sef(m“)t + b](,ef(” prme)t
- _ , (39)
(b17 _b14)e (kera) +b18e (el
Where
a, = Bz, ’ 012("0— Bz J’ azzpcKzzo’ a3:(xo_PcKzzoj’
o—a o—a o—a o—a
_ opz, _ @ _ Bz, _ B
a, = > as = Yo > g =—»
(o-a)(u -a) (1 —a) oc-a H
b, = a,a, b =a,a,, b, =a,a, b, =a,y,, b, = aya,, b, = asa,,
by = azas, b, =ay,, ¢, =b, +b,+b,+b,, ¢, =b,—b,—b,-b,,
b b b
a7=—1, a8:—4’ a9:C_O’ am:_z’ a”:#,
a (ﬂc_a) Hg o (ﬂE"'ﬂc_a)
b, by
ap =—> a; = > bgZ(a7+a8—a9+a10+a11+a12+a13),
Hc (/‘c to- a)
b _ ﬂbo b ﬂbo ﬂa7 b _ ﬂbS
o = 7 10 11 12 =
(a-0) (a—0) (2a-o0) (a—o0)
a a a
b13 — ﬂ 8 , b14 — ﬂ 9 , b15 — ﬂ 10 , ble — ﬂall ,
(4 =0) (y +a—0) a (4t + e —0)
a a a
b, = Pa, , b, = Pa, ’ b = Pa; ’
(era—0) " (ucra-o) e
G :(b9 b, +b,—b;+b,—bs+bs+b; +b18)’ G :(b9 +b12)
P.K,b, P.K,b, P.K,a, P.K,b,
C=7"""3> Cs=7—"""+> (,:2—’ G =7—"7>
(a—uc) (a—uc) (2a-u) (o= uc)
PK PK P K
¢, =P.K,a,, = By .= 2% ’ = =C 24 ’
(ﬂE"'a_,uc) (O‘+0!—/1C) Hg
PK PK
Cn= cazan, c13chzaws do:c4_c6+c7+c9_c10_011_c12_c13’ d1:c4+c7
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d,=wc,, d,=wc,—-b,, d,=wb,-b, d,=wb;-b,, d,=awb,—wb,—Db;,
d; =wbs—b,, dy=wb,—c, dy=wby—b;, d,=wb,

0 = d, n = d; 0. = i 0 = dy
0 H 1 H 2 H 3 s

(o= ) (@) (a- ) (05—#5)2

d, d, d, d,
n=—>=*—  npn=—>  p=—>"> - p=—1
bo(2e- ) (#tc = z) C (Heta-py) (a+o—u)
d C

ng=—v,  nmy=————\,  my=—,
' He ’ (/uC+O-_/uE) Y«
Ny =0y 0 —nyFn, 00+, g g — Ry, N, =1,

The computations were done using computer symbolic algebraic package MAPLE.

4 Results and Discussion

Here the existence and uniqueness of solution of our system of equations (1) — (4) is proved by
actual solutions. Also, under certain conditions, we have conducted local and global stability
analysis of the disease-free and endemic equilibriums. The results showed that is stable.
Analytical solutions of equations (1) - (4) are achieved via Parameter-expanding method and
computed for the values of

P. =20, P, =10cells | mm’ / day, K, =0.02 mm®/ day |/ cell, K, =0.33 days™,

1 1

He =3 days™, M. =2 days™, y=2days™", 5=0.2 days™, ®=0.04 days™

The concentration of free extracellular chlamydial particles and number of uninfected mucosal
epithelial cells, Chlamydia-infected epithelial cells and recovered epithelial cells are depicted
graphically in Figs. 1 -7.

250
200+
50 - F_.=20
IEf) 150 C_ -
P~=135
PC=3[]
100
50—._/_\
0 0.2 04 0.6 0.8 1

r
Figure 1:%(7) versus ime t for various values ofPC at
PE= 10__K1=[}_[]2__ K:=G_33__ |.LC=3__ I'LE=2" y=2.8=02. m

=0.04, 1, = 0.3, = 50,3, =300, 2, =10
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From Fig. 1, we can conclude that with the increase of number of infectious chlamydial particles
released by an infected cell (PC ), concentration of free extracellular chlamydial particles increase.

fed
=N
X
o
3
1]
2
=

0 02 04 0.6 08

==

Figure 2: 1) versus ime t for various values ofPC at
PE= l[]_.K1=[}_[}2__ K:=[]_33__ He= 3, I'LE=2‘ v=2.8=02 w

=004, vy = 0,3, = 50,3, = 300, 2= 10

From Fig. 2, we can conclude that with the increase of number of infectious chlamydial particles
released by an infected cell ( F. ), number of uninfected mucosal epithelial cells decrease.

804

]
—_
[
—
o 'w
L]
I
LY pa
[ NP VR ]

o
Il

1] 02 0.4 0.6 0.8 1
t

Figure 3: 2(1) versus ime t for various values ofPC at
PE= 1[]._K1=[}.[}2._ K:=[].33._ |.LC=3._ I'LE=2‘ v=2.6=02.m

=004, 1 =0.2,=50. 3, =300, z, =10
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From Fig. 3, we can conclude that with the increase of number of infectious chlamydial particles
released by an infected cell (PC ), number of Chlamydia-infected epithelial cells increase.

704
60 J
x(1) 504 ,‘ §=00
5=02
* =
J "’/ o=04
401
30_ T T T T 1
1] 02 04 0.6 0.8 1

Figure 4: (1) versus time t for various values of 5 at
PCZED_. PEZ 1[]__K1 =002, K: =033, He= 3. |.L£=2__ v=2, 0
=0.04. V= 0, = SD,J.'E,Z 300, 3H= 10

From Fig. 4, we can conclude that with the increase of recovery rate due to drug administration
(0 ), concentration of free extracellular chlamydial particles decrease.

2201
200 1
180 4
160 4

1404

fe
—_
oy
—
[=5]
Il

1204

[=7]

Il
= o o
e ba D

[=7]

1004

80
604
40

0 02 04 0.6 08 1
t

Figure 5: /(1) versus ime ¢ for various vaues of & at
PC=2[]__ PE= 10, Kl =0.02, K: =033, He= 3. I'LE=2‘ Y=2.m
=0.04. V= 0. = 50, W= 300, = 10
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From Fig. 5, we can conclude that with the increase of recovery rate due to drug administration
(8 ), number of uninfected mucosal epithelial cells increase.

0 0.2 0.4 0.6 0.8 1

Figure 6: 2(1) versus ime t for various values of 5 at
PC=2[]__ P£.= 1[}__K1 =0.02. KJ =033 He= 3, |.LE=2__ ¥=2 o
=0.04. VW= 0. H= 50, W= 300, 3= 10

From Fig. 6, we can conclude that with the increase of recovery rate due to drug administration
(8 ), number of Chlamydia-infected epithelial cells decrease.

2300 1

2000 4

o Ca oa
Il

o oo

4 ba =

300 1

Figure 7: vi ) versus ime t for various values of § at
Pr=20,P;=10K;=002.K,=033, =3, p, =2 y=2. 0
=004, V= [}___‘CI}= 5[}___}'|}= 300, = 10
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From Fig. 7, we can conclude that with the increase of recovery rate due to drug administration
(0 ), number of recovered epithelial cells increase.

5 Conclusion

From the studies made on this paper we conclude as under.

1. Burst size per infected cell enhances the concentration of free extracellular chlamydial
particles and reduces the number of uninfected mucosal epithelial cells.

2. Recovery rate due to drug administration increase the number of uninfected mucosal
epithelial cells and recovered epithelial cells and decrease the concentration of free
extracellular chlamydial particles and number of Chlamydia-infected epithelial cells.

3. The local stability of infected (endemic) equilibrium depends on the rate of cell infection.

Thus, increased ability to clear infection will be obtained if
1. There is a proper treatment of ailments
2. Number of infectious chlamydial particles released by an infected cell is reduced.

3. Contact between uninfected mucosal epithelial cells and free extracellular Chlamydia
particles can be prevented.
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