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Abstract

In this article, we propose by using the Hausdorff distance Simpson’s rule for
the triple integral of a fuzzy-valued function and the error bound of this me-
thod, one of the variables of which is fuzzy. In addition, thin J-fine partitions
are introduced. The integration domain is a quasi-fuzzy parallelipiped. A
numerical example is presented in order to show the application and the sig-
nificance of the method.
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1. Introduction

The term fuzzy integral was introduced by Sugeno [1]. In order to evaluate a
fuzzy set, some methods digital ones have recently been proposed. Wu [2] [3],
Allahviranloo [4] and Fariborzi [5] [6] have developed some numerical methods
to evaluate fuzzy integrals using quadratic methods and the definition of level
sets. Wu and Gong [7] proposed the Henstock integral of a fuzzy-valued func-
tion and developed this work by applying the concept of fuzzy function differen-
tiability. Bede and Gal [8] applied the quadrature rule to evaluate the integral of
a fuzzy-valued function.

In our previous paper we developed the Henstock-Kurzweil triple integral of a
fuzzy function on a classic parallelepiped [9].

In the present article, we develop this idea for a fuzzy-valued function (func-
tion with three variables of which one is fuzzy) by applying Simpson’s rule which

is powerful tool for numerical integration, especially when dealing with curves
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and polynomial functions and introducing Henstock-Kurzweil’s triple integral.
Certain domains of space can present random deformations. Thus, determining
the centers of gravity of these domains will require taking into account the dif-
ferent variations. These variations can be done according to the three compo-
nents of space. In this paper, we model these transformations by fuzzy variables
and a particular case is treated. It involves taking into account a fuzzy variable
among the three variables and treating the other two classically.

In section two, we present some preliminary notions on fuzzy sets as well as
some fundamental theorems that we will use later.

In section three, we introduce Simpson’s rule to compute the fuzzy triple
integral of Henstock on a quasi-fuzzy parallelepiped. The calculations will be
based on Simpson’s rule for the fuzzy triple integral over an almost fuzzy three-
dimensional domain. This rule generalizes that used for the calculation of the
double fuzzy integral on a quasi-fuzzy two-dimensional domain, Didier and
Zerbo [10]. The method involves the approximation of a fuzzy integral on a qua-
si-fuzzy parallelepiped. To calculate this integral, we use a fuzzy approximation
formula based on fuzzy quadratic interpolation polynomials in 3 dimensions,
one of which is fuzzy and the other two crisp.

Finally, in order to explain an application of the proposed method, in Section
4, a fuzzy triple integral of a fuzzy function which depends on three variables
one of which is fuzzy is evaluated in order to show the effectiveness of the men-

tioned method.

2. Preliminaries

In this section, we talk about some basic definitions of fuzzy sets theory which
are being used in the following.

Definition 2.1. [11] Let X be a non-empty reference set. A nonempty subset
{(X, A(x)) ‘Xe X} of Xx[0,1] such that A X > [0,1] is a fuzzy subset
(fuzzy set) of X. The function A is itself called fuzzy set. A(X) denotes the
degree of membership of the element x in the fuzzy set A.

We denote by X;, the collection of all fuzzy-subsets of X.

Definition 2.2. [11] [12] Let R be a real set. Given a fuzzy-subset 0:R —[0,1]
satisfying the properties below:

1) 0 isnormal,ie. 3X,€R such that G(XO) =1,

2) 0 isaconvex fuzzy set, i.e.,
L](/Ix+(1—ﬁ)y) > min{u(x),ﬂ(y)} vx,yeR, 1€[0],
3) U 1is upper semi-continuous on R, ie. Ve>0, 3I6>0 such that
[x=X,| <= 0(x)-0(%)<e.
4) The set {X eR:0(x)> 0} is compact, where B denotes the closure of B.
This function 0 is called a fuzzy number.

We denote by R the set of all fuzzy real numbers. We define
[0 ={xeR:0(x)2a} and [0]' ={xeR:G(x)>0}, for O<a<l, as the
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a-cut and respectively the support of a fuzzy number such as U . Moreover, we
define 0, =inf[d]" and G =sup[a]”.

A triangular fuzzy number 0 :(a,b,c) where, a<b<C and a,b,ceR is
defined by 0, =a+(b-a)a and 0, =c-(c-b)a.

Definition 2.3. [11] [12] A set of level « of a fuzzy set satisfies the following
properties VU0,VeR} and a,Bel=(01],

1) G,=R",

2) a<f=U,c0,,

3) aa :nﬂmaﬁ’

4) (Gv \7)

The theorem below shows that any fuzzy set can be represented by a family of

a=0, U7, and (U /\V)a:ﬁam?a :

its a cuts {l]a ‘ae I}, and it can be represented by its countable sets of level
a denotedby {0,:aelnQ}.
Theorem 2.4. [12] Let GeR} andlet {U,:cxel} be a family of its sets of

level «.Forall xeR", we have:

U(x):sup[a- L, (x)] = sup [a- I, (x)}

ael aelNQ

which can also be written
0(x)=sup{ael:xel,}=sup{ael nQ:xel,}
Let {M,:aelnQ} be a family of nonempty closed sets of R" such that
M,>M; Va,felnQ with a<p.
Then the function U defined by
a(x)=supf{ael nQ:xeM,_},

is upper semi-continuous. Additionally, it checks

0,= (1 M, ae(01]
B<a,feQn (0]
Remark 2.5. A fuzzy set 0 is said to be convex if for all a €1, the level set
a denoted by U, isasub convexsetof R".
We denote by RY  the family of all convex fuzzy sets.
Definition 2.6. [11] [12] Let G,V eR} we define forall xeR"

(G@V)(x)=sup{ael:xed, ®,V,}

and o
(1680 u(%) si 2#0
lo(x) siA=0

where |, is the characteristic function of the singleton {0}.
For (G,VeR} and Ae€R, we can define the sum G®V and the product
AGU0 by

[a@v]" =[a]" @, [V]" and [200]" =20,[0]" Vae[01].

Given U,V two convex fuzzy sets, another definition of addition is given by
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(G@®V)(x)= sup min{d(x),7(x,)},xeR".

X=X +Xp
Definition 2.7 [11] The three metrics below generalize the Hausdorff metric:
forall O,Ve REC

D, (4,7)= sup D(d,,7,);

ae(O,l]

and

We note by
ol =, (.1,)=supl,

3. Triple Simpson’s Rule for the Fuzzy Henstock-Kurzweil
Triple Integrals

The concept of the Henstock integral for a fuzzy number-valued function were
introduced by Wu and Gong [7]. We introduce this definition for a three-di-
mensional fuzzy number-valued function in which one of the three variables is
fuzzy.

Let f:[ab]x[c,d]®[p.g] >Ry and A :a=x <X <X, < <X, =b,
A, €=y, <Yy, <Y,<--<y,=d and A:Pp=Z,<7 <Z,<---<Z, =G be the
partitions of the intervals [a,b],[c, d] and [ f),q] respectively.

Consider the points & €[X%_4, %], 1=12,---,m; 7, e[yH,yJ, i=1,2,--,n;
Coelzn ], k=1,2,s.

Let 7 be the partition defined by

7r={((§iﬁ7;,fk),[xi,l,xi]x[yjfl,yj]®[zk71,zk])}

In what follows we will define the fuzzy Henstock triple integral.
Let the fuzzy gauge function defined on the type 1 quasi-fuzzy parallelepiped
al domain [a,b]x [C,d]@ [ r),q] by
5:[a,b]x[c,d]®[p,d4] > Re.
The partition 7 is said to be & -fine if
(é:ilnj’é:k)e [Xi—llxi]x[yj—l’ yj:|®[zkfl’zk] - A((éil?]jié;k)ig(évnjigk))’
where A((fi 7, ,.fk ),5(5, 7 ,é:k )) is the open quasi-fuzzy ball with center

((fi ;i ,g;k) and positive radius 5(@”71 ,fk) .
The function f :[a,b]x[c,d] ®[ ﬁ,q] — R is said to be Henstock integra-
bleif 3l eR. suchthat Ve>0, thereexists & (called fuzzy gauge function)

such as for any subdivision e « -fine (cfr the partition z defined above), we

have:
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D(ééé(xu _Xi—l)(yj - yj—l)Q(Zk ezk-1)® f(filﬁjvé:k)v rj<57

where f:(FHTI )I:ch Is f(x, y,Z)dZdydx is the Fuzzy Henstock Triple
Integral.

Definition 3.1. Let f:[a,b]x[c,d]®[p,4] >R abounded fuzzy function.
So the function Do pfe]e]p.a] ( f. .,.) RYU {00} — R* such that

Aapteaernq ( F06:6)
=SUp{D(f(X1,y1,Zl), (%0 ¥2:2))i (%0 ¥ 21), (% 2.2, ) €[a,b]
x[c,d]®[B.a]:[x = %[ <0u[y, ~ V| <55 O 1, 353}'

where
[[ASEAS =“[Zt,2i}elm[z; .z ]

=inf{ft-ulte[2.2 Jue[z,. 2 ivaelod]).

For this reason,
Yaspposiotpa) ( F00:82 )
=sup{D( f(xl,yl,ili ) f(xl,yl,zli ) f(xz,yZ,ZZLa), f(xz,yZ,Zi ))
|x1—x2|£51,|y1—y2|352,inf{]t—u|,te[zlz,zfl]ue[ZZLa,Z‘;a];Vae[O,l]}.
V(% ¥1:2). (%, 5,2, ) €[a,b]x[c,d]®[ p,4].

@ is the modulus of oscillation of the function f on [a,b]x[c,d]®[p,q].
If furthermore, f is continuous on [a,b]x[c,d]@[f),q], then @ is called

the uniform continuity modulus of f .
We can prove the following theorem from the definition 3.1.

Theorem 3.2. The following statements, concerning the modulus of oscilla-
tion are true.

1)
D( Fx v z), f(x, y2vzz))S w([a,b]x[c,d]@[ﬁ.q])(f’|xl RN AN S ZZ”]RF )
V(%Y1 24). (%0 Y2, 2, ) €[a,b]x[c,d]®[ B.4],

2) w([a,b]x[c,d]@[r),q])(f’51’52’53) is a non-decreasing mapping in ¢,,0, and
Oy»

3) Oapeaernay ( F0,0.0)=0,
9 O ppeagorpa ( F1MONG, 88, ) <mnsey, oo o (£,6,6,,5,)
vé,,6,,6,20 and m,n,seN,
Ofanpicaterna) | 0% %82 2685 ) for any

<(A+1)(4 +1)(4 +1)w([a,b]x[c,d]®[rj,q]) ( f,§1,52,53)
01,0,,05, 4,4, 432 0.
6)If [e, f]c[ab];[g.h]<[c.d] and [T, ]]<[P.q], then
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Do) F800200) < O ypeapotpap ( F8062:65)

Proof (6) According to the hypothesis,
sup{D(F (%1021, T (% ¥202) i Y0 2). (%0 V2 22 ) €[, T
<[g.n @[T 7% x| <oy~ .| <8 Jn oz, <o)

SSUp{D( FO0Y02) F (0 %5.2) )i (%0 ¥ 20). (%0 ¥, 2, ) € [a,b)]

x[c.d]®[p.a].[x —%| <8y - o[ <5, [z O 7], S‘Sa}

which is prove the relation.

We can prove similarly the other statements.

Lemma 3.3.
1)If f and h are Henstock triple integrable mappings and if
D( f(x, Y, Z), ﬁ(x, Y, Z)) is Lebesgue integrable, then

D( GROINNNL x,y,z)dZdydx,(FHﬂ)j:jc"jgﬁ(x,y,z)dmydx)
(L), 17 1D(F (% ¥,2).7(x,y,2)) dzdlyox.

2) Let f:[a,b]x[c,d]®[p,4] >R be a Henstock triple integrabe bounded
mapping.

v a,b]x[c,d]®[p,q], the function
[c.d]®[P.d]>R" defined by

f(u,v, ), f (X, y,Z )) is Lebesgue integrable on
p.q].

Proof (2) If f isHenstock integrable and bounded on [a, b] X [C,d]@[ P, q] ,
then it follows that f“(x,y,Z) and f“(x,y,Z) are Henstock triple integrable
with ae [0,1] . Therefore, f* (X, Y, Z) and fo (X, Y, Z) are Lebesgue mea-
surable and uniformly bounded Vo €[0,1], [7]. Moreover,

o(%y.2)=D(f(%.v,2), T (%, ¥,,2,))
—supmax{| “(%, ¥y, 5,) - F° (xz,yz,z)|,

aE[O 1]

+( Y1, 2 )—ff(xz,yz,iz)”

2 (%002 ) (Xz:Y2v22)|}

= sup max{|ff‘"(xl,yl,il)— ff“n(xz,yz,iz)

an€0,1]
where the ¢, (n IS N) are the rational numbers in [0,1]. According to Lebes-

gue’s dominated convergence theorem, it follows that ¢(x,y,Z) is Lebesgue

integrable over [a, b] X [C, d ] ® [ P, q] and what completes the proof.
O

Keeping now three integrals we reach the following definitions.
Definition 3.4. A function f :[a,b]x[c,d]®[p,G] > R; is said to be
(L, L,,L;) Lipschitz if for any (X,¥;,Z).(X,,Y,.2,)€[a,b]x[c,d]®[p.4],

D(f (% ¥02) F (%0 Y2 2o) ) < Ll = o[+ Ly = o + L[ 0 2], -

In order to introduce triple Simpson’s rule for evaluating FHTI, firstly we
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prove the following theorem.
Theorem 3.5. Let f:[a,b]x[c,d]®[p,4]>R; be a fuzzy Henstock in-
tegrable, bounded mapping. Then, for any subdivision
A=Xy <X <X, <+ <X, =b, C=y, <y, <Yy, <<y, =d,
P=2,<2%<Z,<--<Z,=q andanypoints & €[X_. %], 7, e[yH,yJ,
& €[22, wehave

D((FHTI VI T T (x.y.2)dzdyx,
SOO( 1)1,y It otk @ (6 )|

< iiZ(Xu ~%)(¥; Vi )z © Zeal,

a)([xi—l:xi]x[yjfl:yi]®[zk71:7k]) ( f'(xi B Xi’l)'(yj B yj’l)'"Zk © Zk’lu]RF )

Proof Since that the Henstock integral is additive related to interval [13],

hence,

D[(FHTI VLTI (x, v, 2)dzdyax,

oF
SE

(Xi _Xifl)(yj _yjfl)"Zk ®Zk—1"RF © f(fiv’]j’é:k )J

I
[N
I
[N

é

®- I®> 1P~
@P-
@m

(FHTI) f J'y -[zk f (x,y,2)dzdydx,
Xi1 YYj1 9%

]
2N
=
I
=N

b
|
b

(

Since it’s clear that FHTI)I j j kdZdydx = (b—a)(d-c)o(q ®IZ for

any fuzzy constant k € R, , we obtam

D((FHTI )L j jﬁ f(x,y,2)dzdydx,

Dyl o nl, @ (G 4 j

JoF
SE

I
[N
I
[N
~

I
[N

56

j=1

@3

5 9 1@

(Xi _Xi—l)(yj _yH)"Zk sz—lnRF © f(‘fi,ﬂj:fk )j

n

Il
N

D (-:3 FHTI)j Iy L f (x,y,2)dzdydx,
1Y%

Jk:

(FHTI) Jy, jk s )dZdyde.

,_\

=

=~
I

1

By the fourth property of the theorem 3.2, we have

n (‘SD FHTI) Lm[yjljm (x, y, 2)dzdydx,

._.

(FHTI j Jyl J:l f(&.n,.4, )dZdydxj
Sééé D{(FHT[* [ [ 7(&.m,.4, )aroyos
jx Iy] 1J‘Zk‘i1 f(fl ,ﬂijk )dZdde)

Xi1
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Since the functions D( (xy ) N(g‘ Nis ¢ )) are Lebesgue integrable for

i=1...,

f(x
m; j=1---,n and k=1,---,s from lemma 3.3 we have

D((FHTI )T 1 T (x.y.2)dzdyax,

éég(x. _Xi—1)<yj - yj—l)"Zk @ZkflnRF © f(fi,qj,é:k )]
‘m ‘n s J.X J. sz D(f X, Y, Z) ~(§i,77j,é:k))d7dydx.
i=1 j=1k 1 i-19Yj-1%%-1

From the first property of the theorem 3.2 applied to each of the above inte-

grals we have

D((FHTI I T (xy.2)dzdyx,

ééé(xi Xy ol © F(amd )}

i=L j=1 k=1
1 J.X|1J.YJ 1J.Zk1 [Xn—l B Vi1 ®[Zk1zk])
(f,(x. ) (yl Yi 1) "Zk O 1”]R )dZdde

= iii(xu =) (Y = Via)lE o ZHIIRF

i=1 j=1k=1

,_‘

a)([xi—lxxi]x[yj—lv)’j]®[Zk—lv7k]) ( f.(x ( _1) (yj B yj‘l)'”Zk © Zk'lu]RF )’

which completes the proof.

O

Corollary 3.6. Let f:[a,b]x[c,d]®[p,q] >R be a Henstock triple in-
=N=

tegrable, bounded mapping. Then, for m

=2 wehave

D[(FHTI INK js f(x,y,)dzdydx,

DOD( 1) -y )la o2l © F(&my s )j

j=1 k=

AN

=1

(@-a)(B=0)|7© By, Aupiesoron (F-(@-a)(B-c) |7 O Bl )
(a-a)(p-c ||q®7IIRF%a]XC,B]®[;q](f"(a—a) -c)Jao7, )
(

a=a)(d =7 Pl upipapion (F(@=a).(d=B) 70 b, )

IA

+

+

+

a-a)(d= )40l Guupipapra(F-(2-2).(d=B)Jac7l,, )
b-a ﬂ_c)"7®p"m<;a’[ab]cﬂ]@[py( b-a (ﬁ C)|77®p"RF)

(a-a)(
(b-a)(
(b-a)(B=)A07]s, Auspiestepra( T <b—a>,<ﬁ—c>||qef||m)
(b-a)(
(b-a)(

+

+

b-a)(d _ﬁ)"7® p"RF Dy 1 p.d]8[p.7] a "7/6 r)"lRF)

b-a

+

(f (b-
" d- A0 7, Auspipaera( F-(0-2).(d-B)Jae 7], ).
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®

bl.Be[c,d] and 7e[p,d4], (u,v,W)e[a,a]x[c,B]®[D.7]
and (U,\V \W)e[a,b]x[8,d]®[7,4] where &=u, &=u'; n=v, n,=V;
4:1 =W, 4:2 =W.

Proof It’s clear that for m=2,n=2 and s$=2 in the theorem 3.5 the in-
equality stated above is obtained. [J

for any ae[a,
e

The corollary below gives the fuzzy variant of Simpson’s threefold rule with a
new error bound.

Corollary 3.7. Let f:[a,b]x[c,d]®[p,G]>R. be a Henstock triple in-
tegrable, bounded mapping. Then,

D[(lTFHK)L”Ld [} 7 (xy.2)dzdyax, (b-a)(d ;f;llq © Pl

(i iaajors(i[*2as)s (% ea]|o(iena ibaa) ||

- - b-a d-c [[d© ],
S27(b_"")(d_c)"q@p"RF a’[a,b]x[c,d]ca[p,q][f' 5 6 ' 6 -
Proof
o . . . 5a+b
This inequality follows from the previous corollary by setting o = 5’
ﬁ:5C+d, }7:5®p®q’ u=a, V:a+b’ w=b, u'=c, V,:c+d,
6 6 2 2
w=d, d=p, V:pfq and W=q.
O

Theorem 3.8. Let f :[a,b]x[c,d]®[P,G] > R; be a Lipschitz mapping
with the constants L;,L, and L,. Then, for any subdivision
Ay ia=Xy <X <X, <-<X, =D, Ajic=Yy, <y, <Yy, <<y, =d

n
and

AyiP=2,<2<7,<<Z,=q. V&e[x %], 1=1,2,---,m;

<12
nelyiny s i=L2-n and & €[z,,2], k=1,2,s;
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we have

D((FHTI VLT T (xy.2)dzdyd

D¢ 1(Xi %) (¥, Y|z o zal,, © F(&m,.4 )J
i=1 j=1k=

= ;;é(lﬂ(yj - yj—l)"zk S) Z|<-1||RF (% _Xi—l)2

+L, (% - Xi—l)"Zk S) zk—l"]RF (yj - yj—l)z

+L(x - XH)(yj - yj—l)"Zk ©Zk71||]12{|: )

Proof Similar to the proof of theorem 3.5 we have

of (FHT [} F 02y
éég}( )(yj_yj—l)"zk@Zk-l"RF @f(é,]]].,cfk)j
s_: 1 Sl ), Jyyllljz“ (f(xv.2), F (&7, 4,))dzdydx.

We obtain by the definition of a Lipschitz mapping

S

DDB(L) Lx'lfy,lf“ (F(xy.2), F(&m,,4,))dzdycx.

i=1lj 1

S

éé@(% 0

i=1 k=1
oLl
Xi-1vYj-1v2%-1

It follows by direct computation that

I/\

i |x - &|dzdydx

I

704, ||]RF dZdydx)

y- n,|d2dVdX@LsL,Jyy,J Jz“
ééé(q Iy'f ' |x-&|dzdyax

i=1 j=lk=1
(&) LZIX J'yyjjl-'-zkl y nl|dZdde@L3.[ J.;/JJlJ.Zk ?

:%gég(k(y] Yj 1)||Zk Sy 1"Rp [ i (Xi—l_ i)2j|

+ L (% =% )|z © Zk,1||]RF |:(yj -1, )2 —(yi—l —; )2]
+ Ly (% _Xi—l)(yj - yi-l)[ ;F D

104, ||JRF dZdydx)

204, ~|aaod,

X — Xi—l)"Zk © Zk—1"RF (yi - yi-l)2
+L (% _Xi—l)(yj - yj—l)"Zk ezk—lunzzep )
([l
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4. Numerical Example

Let :[0,1]x[1,2]®[12]>Re, f(xy,2)=x"+3y®7 where 1=(012);
é=(1,2,3); Z:(Z—l,Z,Z+1), and where (ai,az,ag) is a triangular fuzzy
number such that

X—a
<x<a
a,-a, a 2
“O=18-X o ca
a;—-a,
0 otherwise

We must compute the integral
(FHTI )j:flz fiz f (x,y,z)dzdydx
numerically.

Firstly let’s define the different a-cuts below:
(f(x,y,Z))a :[x2 +3y+z-1+a,x? +3y+z+1—a],
7 =[z1-1+a,2+1-a],
1 =[a,2-«a],
2% =[1+a,3-«],and
I :((FHTI ).[:szf f(xy, Z)dZdydx)a =[minS,maxS].
where

S {11 T oy sy [ 7 (x.y,2)dzcayox
NNt
Lo TR
[NNSRAX
[N A
(
(
(

N

XY, Z d”“dydx J' _[ J'Mf

=

(
X, y,2)dz*dydx; .[ I J'3 “f(x,y,2)dzdydx;
(x,y,Z)dz?dydx;

X, Y, 7)dz%dydx; jj jgfl f(x,y,2)dzedydx;

N}

(
X, y,7)dz%dydx; f [; flm fo (x,y,2)dzedydx;
IJ f “f(x, (x,y, 2)dz“dydx;
J'.[ J'M fo(x,y,2)dz*dydx; _” _[Mf (x,y,2)dz“dydx;

2)
y.2)
y, Z)dz“dydx; f I J'3 “fe(x
y.2)
x,y,Z)d

NN RA 2edyd; [ |7 £ (x.y.2 “dydx}.

We must calculate these sixteen integrals while noting that they are two by
two equal.
We remark that

( (¥, 2), f (%1 Y202, )

= Sl[lopl]maX{ (%0 ¥ 2) = T 06 v 2 ) B (0 v 2) = T (0 v, )|
- Sl[JOpl]max{‘(xf—x§)+3(y1—y2)+(zl—zz)+(a—1)‘,

(xf—x22)+3(y1—y2)+(21—zz)+(1—a)‘}
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= sup max {[x, =%,/ ([%, + %, |X1+X2|)}+ st max{|y1 ¥.1(3.3)}

acl0]]

- 1 1
+ SL[JOpl]maXﬂZ 7,|(1.1)}

<20% = X,|+3]y; = Yo +|2 — 7,)-

ie. f isaLipschitz mappingwith L =2,,=3 and L, =1.
Indeed,

LIL Ty dzeayax= [ [ F (y 2)dzidydx @)

because dz” =dz{ =dz
From where, 4.1 becomes

J'J' J'M f“(x,y,2)dzdydx = J'M.[ I f(x,y,2)dxdydz
:J':a.[l Io(x +3y+2—1+a)dxdydz

1
_J'MJ' {—+ (3y+z- 1+a)} dydz
x=0

- J’:a.[lz(3y -Gt z)dydz

2

_IM[ (—§+a+zjylldz
GOl
(Gl

:§+2a
3

Proceeding in the same way for the other integrals we obtain

[ 07 T oy 2ydzeayae= [ 7] T (x,y,2)dzdydx
=[], jsw (x,y,Z)dzdydx
=-2a° —ﬁa +16

3

Sl L T (xy 2)dzedyae= [ [, T (x,y, 2)dzz dye
—II .[th f“(x,y,2)dzdydx
B 6a’ +29a —16
- 3

o) T T Oy zydzeayax= [ [, £ (x v, 2)dzsdydx
—II j f Z)dzdydx
:?
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FFe(x,y, 2)dzdydx = Sef 7)dz“dydx
LELT
—j j jlm f 7)dzdydx
_?
j' J' ja “ o (x,y,7)dz*dydx = J j r “f(x,y,2)dz*dydx
—J..H.MN 7)dzdydx

=202 —%3%22

.[J J'M fo(x,y,2)dz"dydx = .[I .[ (x,y, 2)dz%dydx
—jj J'lm f (x,y, ) dzdydx
 —60%+4Ta-22
- 3

[ 1o e (yaz)dzzayax= [ [, £ (x.y,2)dzcdye
=[], jsw (x,y,7)dzdydx

B o
3
Finally S becomes
S:{§+2a,—2a2—§a+16,—6a +239“ 10 1; 202230422,

—6a’ +470-22 25 }
— " 2ay.
3 3
We have for =1 that I'=[6,3333;6,3333],for a=0,9
S ={6,1333,7,4800;4,9867;6,3333;7,7200;5,1467;6,5333}

this is shows that [° =[4,9867;7,7200] .

In Table 1 below we summarize the results for the different values of « .

Table 1. The results of example.

| m,n,s Tm,n.s

o La

1 6.3333 6.3333
0.9 4.9867 7.7200
0.8 3.6800 9.1467
0.7 2.4133 10.6133
0.6 1.1867 12.1200
0.5 0.0000 13.6667
0.4 -1.3867 15.2533
0.3 -2.8133 16.8800
0.2 —4.2800 18.5467
0.1 -5.7867 20.2533
0.0 -7.3333 22.0000
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5. Conclusion

In this article, it was a question of introducing and evaluating the fuzzy triple
integral of Henstock-Kurzweil whose one of the variables is fuzzy, using Simp-
son’s rule and Hausdorff distance. Therefore, we compute the integral on a qua-
si-fuzzy parallelepiped domain. In this direction, we have established and dem-
onstrated a theorem which shows the upper limit of the distance between the
exact values and approximate. For the rest, it would be possible to do the same
analyzes for the integral of a fuzzy function with three variables of which two (or

three) are fuzzy on a fuzzy parallelepipedal domain.
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