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Abstract 
In this article, we propose by using the Hausdorff distance Simpson’s rule for 
the triple integral of a fuzzy-valued function and the error bound of this me-
thod, one of the variables of which is fuzzy. In addition, thin δ-fine partitions 
are introduced. The integration domain is a quasi-fuzzy parallelipiped. A 
numerical example is presented in order to show the application and the sig-
nificance of the method. 
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1. Introduction 

The term fuzzy integral was introduced by Sugeno [1]. In order to evaluate a 
fuzzy set, some methods digital ones have recently been proposed. Wu [2] [3], 
Allahviranloo [4] and Fariborzi [5] [6] have developed some numerical methods 
to evaluate fuzzy integrals using quadratic methods and the definition of level 
sets. Wu and Gong [7] proposed the Henstock integral of a fuzzy-valued func-
tion and developed this work by applying the concept of fuzzy function differen-
tiability. Bede and Gal [8] applied the quadrature rule to evaluate the integral of 
a fuzzy-valued function. 

In our previous paper we developed the Henstock-Kurzweil triple integral of a 
fuzzy function on a classic parallelepiped [9]. 

In the present article, we develop this idea for a fuzzy-valued function (func-
tion with three variables of which one is fuzzy) by applying Simpson’s rule which 
is powerful tool for numerical integration, especially when dealing with curves 
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and polynomial functions and introducing Henstock-Kurzweil’s triple integral. 
Certain domains of space can present random deformations. Thus, determining 
the centers of gravity of these domains will require taking into account the dif-
ferent variations. These variations can be done according to the three compo-
nents of space. In this paper, we model these transformations by fuzzy variables 
and a particular case is treated. It involves taking into account a fuzzy variable 
among the three variables and treating the other two classically.  

In section two, we present some preliminary notions on fuzzy sets as well as 
some fundamental theorems that we will use later. 

In section three, we introduce Simpson’s rule to compute the fuzzy triple 
integral of Henstock on a quasi-fuzzy parallelepiped. The calculations will be 
based on Simpson’s rule for the fuzzy triple integral over an almost fuzzy three- 
dimensional domain. This rule generalizes that used for the calculation of the 
double fuzzy integral on a quasi-fuzzy two-dimensional domain, Didier and 
Zerbo [10]. The method involves the approximation of a fuzzy integral on a qua-
si-fuzzy parallelepiped. To calculate this integral, we use a fuzzy approximation 
formula based on fuzzy quadratic interpolation polynomials in 3 dimensions, 
one of which is fuzzy and the other two crisp.  

Finally, in order to explain an application of the proposed method, in Section 
4, a fuzzy triple integral of a fuzzy function which depends on three variables 
one of which is fuzzy is evaluated in order to show the effectiveness of the men-
tioned method.  

2. Preliminaries  

In this section, we talk about some basic definitions of fuzzy sets theory which 
are being used in the following. 

Definition 2.1. [11] Let X be a non-empty reference set. A nonempty subset 
( )( ){ }, :x A x x X∈  of [ ]0,1X ×  such that [ ]: 0,1A X →  is a fuzzy subset 

(fuzzy set) of X. The function A  is itself called fuzzy set. ( )A x  denotes the 
degree of membership of the element x in the fuzzy set A .  

We denote by XF the collection of all fuzzy-subsets of X. 
Definition 2.2. [11] [12] Let   be a real set. Given a fuzzy-subset [ ]: 0,1u →   

satisfying the properties below:  
1) u  is normal, i.e. 0x∃ ∈  such that ( )0 1u x = , 
2) u  is a convex fuzzy set, i.e.,  

( )( ) ( ) ( ){ } [ ]1 min , , , 0,1 ,u x y u x u y x yλ λ λ+ − ≥ ∀ ∈ ∈  
  

3) u  is upper semi-continuous on  , i.e. 0ε∀ > , 0δ∃ >  such that 
( ) ( )0 0x x u x u xδ ε− < ⇒ − <  . 

4) The set ( ){ }: 0x u x∈ >
  is compact, where B  denotes the closure of B.  

This function u  is called a fuzzy number.  
We denote by F  the set of all fuzzy real numbers. We define  

[ ] ( ){ }:u x u xα α= ∈ ≥   and [ ] ( ){ }0 : 0u x u x= ∈ > 
 , for 0 1α< ≤ , as the 
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α-cut and respectively the support of a fuzzy number such as u . Moreover, we 
define [ ]infu u α

α
− =   and [ ]supu u α

α
+ =  . 

A triangular fuzzy number ( ), ,u a b c=  where, a b c< <  and , ,a b c∈  is 
defined by ( )u a b aα α− = + −  and ( )u c c bα α+ = − − . 

Definition 2.3. [11] [12] A set of level α  of a fuzzy set satisfies the following 
properties , n

Fu v∀ ∈    and ( ], 0,1Iα β ∈ = , 
1) 0

nu =  , 
2) u uβ αα β≤ ⇒ ⊂  , 
3) u uα ββ α<

= 



, 
4) ( ) u vu v

α αα = ∪
∨

 

   and ( ) u vu v
α αα = ∩

∧
 

  .  
The theorem below shows that any fuzzy set can be represented by a family of 

its α  cuts { }:u Iα α ∈ , and it can be represented by its countable sets of level 
α  denoted by { }:u Iα α ∈ ∩  . 

Theorem 2.4. [12] Let n
Fu∈   and let { }:u Iα α ∈  be a family of its sets of 

level α . For all nx∈ , we have: 

( ) ( ) ( )sup supu u
I I

u x I x I x
α α

α α
α α

∈ ∈ ∩
   = ⋅ = ⋅    



  

which can also be written 

( ) { } { }sup : sup :u x I x u I x uα αα α= ∈ ∈ = ∈ ∩ ∈  
  

Let { }:M Iα α ∈ ∩  be a family of nonempty closed sets of n  such that 
,M M Iα β α β⊃ ∀ ∈ ∩  with α β< . 

Then the function u  defined by  

( ) { }sup :u x I x Mαα= ∈ ∩ ∈
 , 

is upper semi-continuous. Additionally, it checks 

( ]
( ]

, 0,1
, 0,1 .u Mα β

β α β
α

< ∈ ∩

= ∈






 

Remark 2.5. A fuzzy set u  is said to be convex if for all Iα ∈ , the level set 
α  denoted by uα  is a sub convex set of n . 

We denote by 
c

n
F  the family of all convex fuzzy sets.  

Definition 2.6. [11] [12] Let , n
Fu v∈    we define for all nx∈  

( )( ) { }sup : intu v x I x u vα αα⊕ = ∈ ∈ ⊕     

and 

( )( )
( )0

si 0

si 0

xu
u x

I x

λ
λλ

λ

   ≠  =  
 =




   

where 0I  is the characteristic function of the singleton {0}. 
For , n

Fu v∈    and λ∈ , we can define the sum u v⊕   and the product 
uλ 

  by  

[ ] [ ] [ ]intu v u vα α α⊕ = ⊕     and [ ] [ ]intu uα αλ λ= 
   [ ]0,1α∀ ∈ . 

Given ,u v   two convex fuzzy sets, another definition of addition is given by 
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( )( ) ( ) ( ){ }
1 2

1 2sup min , , .n

x x x
u v x u x v x x

= +
⊕ = ∈      

Definition 2.7 [11] The three metrics below generalize the Hausdorff metric: 
for all ,

c

n
Fu v∈    

( )
( ]

( )
0,1

, sup , ;u v D u vα α
α

∞
∈

=   D  

( ) ( )1
1 0

, , d ;u v D u vα α α= ∫   D  

and 

( ) ( ){ }
1

1

0
, , d

p p
p u v D u vα α α =  ∫   D ; for 1p > . 

We note by  

( )0
0

, supF Ku u I uα
α

∞
>

= =  D  

3. Triple Simpson’s Rule for the Fuzzy Henstock-Kurzweil  
Triple Integrals 

The concept of the Henstock integral for a fuzzy number-valued function were 
introduced by Wu and Gong [7]. We introduce this definition for a three-di- 
mensional fuzzy number-valued function in which one of the three variables is 
fuzzy.  

Let [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗ →

    and 0 1 2:m ma x x x x b∆ = < < < < = , 

0 1 2:n nc y y y y d∆ = < < < < =  and 0 1 2:s sp z z z z q∆ = =    
    be the 

partitions of the intervals [ ] [ ], , ,a b c d  and [ ],p q   respectively.  
Consider the points [ ]1,i i ix xξ −∈ , 1,2, ,i m=  ; 1,j j jy yη − ∈  , 1,2, ,j n=  ; 

[ ]1,k k kz zζ −∈   , 1,2, ,k s=  . 
Let π  be the partition defined by 

( ) [ ] [ ]( ){ }1 1 1, , , , , ,i j k i i j j k kx x y y z zπ ξ η ζ − − − = × ⊗ 


 
 

In what follows we will define the fuzzy Henstock triple integral.  
Let the fuzzy gauge function defined on the type 1 quasi-fuzzy parallelepiped 

al domain [ ] [ ] [ ], , ,a b c d p q× ⊗    by 

[ ] [ ] [ ]: , , , .Fa b c d p qδ × ⊗ →

    

The partition π  is said to be δ -fine if 

( ) [ ] [ ] ( ) ( )( )1 1 1, , , , , , , , , , ,i j k i i j j k k i j k i j kx x y y z zξ η ζ ξ η ζ δ ξ η ζ− − − ∈ × ⊗ ⊆ ∆ 
   

   

where ( ) ( )( ), , , , ,i j k i j kξ η ζ δ ξ η ζ∆     is the open quasi-fuzzy ball with center 

( ), ,i j kξ η ζ  and positive radius ( ), ,i j kδ ξ η ζ  . 

The function [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗ →

    is said to be Henstock integra-
ble if FI∃ ∈   such that 0ε∀ > , there exists δ  (called fuzzy gauge function) 
such as for any subdivision kζ -fine (cfr the partition π  defined above), we 
have:  
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( )( ) ( ) ( )1 1 1
1 1 1

, , , ,
m n s

i i j j k k i j k
i j k

D x x y y z z f Iξ η ζ ε− − −
= = =

 
− − ⊗ < 

 
⊕⊕⊕   

   

where ( ) ( ), , d d d
b d q

a c p
I FHTI f x y z z y x= ∫ ∫ ∫








 
 is the Fuzzy Henstock Triple 

Integral.  
Definition 3.1. Let [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗ →

    a bounded fuzzy function. 
So the function [ ] [ ] [ ] ( ) { }, , , ,.,.,. :a b c d p q fω + +

× ⊗ ∪ ∞ →
 

    such that  

[ ] [ ] [ ] ( )
( ) ( )( ){ ( ) ( ) [ ]

[ ] [ ] }

1 2 3, , ,

1 1 1 2 2 2 1 1 1 2 2 2

1 2 1 1 2 2 1 2 3

, , ,

sup , , , , , ; , , , , , ,

, , : , , .
F

a b c d p q f

D f x y z f x y z x y z x y z a b

c d p q x x y y z z

ω δ δ δ

δ δ δ

× ⊗

= ∈

× ⊗ − ≤ − ≤ ≤

 



 

   

   



 

where 

[ ]{ }
1 2 1 1 2 2

1 1 2 2

, ,

inf , , , , ; 0,1 .
F

L U L U
int

L U L U

z z z z z z

t u t z z u z z

α α α α

α α α α
α

   =    

   = − ∈ ∈ ∀ ∈   

     

   

 
 

For this reason,  

[ ] [ ] [ ] ( )
( ) ( ) ( ) ( )( ){

[ ]}

1 2 3, , ,

1 1 1 1 1 1 2 2 2 2 2 2

1 2 1 1 2 2 1 1 2 2

, , ,

sup , , , , , , , , , , , ;

, ,inf{ , , , , ; 0,1 .

a b c d p q

L U L U

L U L U

f

D f x y z f x y z f x y z f x y z

x x y y t u t z z u z z

α α α α

α α α α

ω δ δ δ

δ δ α

× ⊗

=

   − ≤ − ≤ − ∈ ∈ ∀ ∈   

 



   

   

   

 

( ) ( ) [ ] [ ] [ ]1 1 1 2 2 2, , , , , , , , .x y z x y z a b c d p q∀ ∈ × ⊗     

ω  is the modulus of oscillation of the function f  on [ ] [ ] [ ], , ,a b c d p q× ⊗   . 
If furthermore, f  is continuous on [ ] [ ] [ ], , ,a b c d p q× ⊗   , then ω  is called 
the uniform continuity modulus of f .  

We can prove the following theorem from the definition 3.1.  
Theorem 3.2. The following statements, concerning the modulus of oscilla-

tion are true.  
1)  

( ) ( )( ) [ ] [ ] [ ]( ) ( )1 1 1 2 2 2 1 2 1 2 1 2, , ,, , , , , , , ,
Fa b c d p qD f x y z f x y z f x x y y z zω × ⊗≤ − −

 

  

   

  

( ) ( ) [ ] [ ] [ ]1 1 1 2 2 2, , , , , , , ,x y z x y z a b c d p q∀ ∈ × ⊗    ,  

2) [ ] [ ] [ ]( ) ( )1 2 3, , , , , ,a b c d p q fω δ δ δ× ⊗  

  is a non-decreasing mapping in 1 2,δ δ  and 

3δ , 
3) [ ] [ ] [ ]( ) ( ), , , ,0,0,0 0a b c d p q fω × ⊗ =

 

 , 

4) [ ] [ ] [ ]( ) ( ) [ ] [ ] [ ]( ) ( )1 2 3 1 2 3, , , , , ,, , , , , ,a b c d p q a b c d p qf m n s mns fω δ δ δ ω δ δ δ× ⊗ × ⊗≤
   

    

1 2 3, , 0δ δ δ∀ ≥  and , ,m n s∈ , 

5) 
[ ] [ ] [ ]( ) ( )
( )( )( ) [ ] [ ] [ ]( ) ( )

1 1 2 2 3 3, , ,

1 2 3 1 2 3, , ,

, , ,

1 1 1 , , ,

a b c d p q

a b c d p q

f

f

ω λ δ λ δ λ δ

λ λ λ ω δ δ δ

× ⊗

× ⊗≤ + + +

 

 





 for any  

1 2 3 1 2 3, , , , , 0δ δ δ λ λ λ ≥ . 

6) If [ ] [ ] [ ] [ ], , ; , ,e f a b g h c d⊆ ⊆  and [ ], ,i j p q   

  , then 
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[ ] [ ]( ) ( ) [ ] [ ] [ ]( ) ( )1 2 3 1 2 3, , ,, , ,
, , , , , ,a b c d p qe f g h i j

f fω δ δ δ ω δ δ δ× ⊗ × ⊗ 
≤

 

 

  .  

Proof (6) According to the hypothesis,  

( ) ( )( ){ ( ) ( ) [ ]

[ ] }
( ) ( )( ){ ( ) ( ) [ ]

[ ] [ ] }

1 1 1 2 2 2 1 1 1 2 2 2

1 2 1 1 2 2 1 2 3

1 1 1 2 2 2 1 1 1 2 2 2

1 2 1 1 2 2 1 2 3

sup , , , , , ; , , , , , ,

, , , , ,

sup , , , , , ; , , , , , ,

, , , , ,

F

F

D f x y z f x y z x y z x y z e f

g h i j x x y y z z

D f x y z f x y z x y z x y z a b

c d p q x x y y z z

δ δ δ

δ δ δ

∈

 × ⊗ − ≤ − ≤ ≤ 

≤ ∈

× ⊗ − ≤ − ≤ ≤


 

   

 

 

 

   

   





 

which is prove the relation.  
We can prove similarly the other statements.  

 
Lemma 3.3.  
1) If f  and h  are Henstock triple integrable mappings and if  

( ) ( )( ), , , , ,D f x y z h x y z 

   is Lebesgue integrable, then  

( ) ( ) ( ) ( )( )
( ) ( ) ( )( )

, , d d d , , , d d d

, , , , , d d d .

b d q b d q

a c p a c p

b d q

a c p

D FHTI f x y z z y x FHTI h x y z z y x

L D f x y z h x y z z y x≤

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

 

 





 

   

 

  

 

2) Let [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗ →

    be a Henstock triple integrabe bounded 
mapping.  

Then, ( ) [ ] [ ] [ ], , , , ,u v w a b c d p q∀ ∈ × ⊗   , the function  

( ) [ ] [ ] [ ], , : , , ,u v w a b c d p qϕ +× ⊗ →


    defined by  

( ) ( ) ( ) ( )( ), , , , , , , , ,u v w x y z D f u v w f x y zϕ =


 

   is Lebesgue integrable on  
[ ] [ ] [ ], , ,a b c d p q× ⊗   .  

Proof (2) If f  is Henstock integrable and bounded on [ ] [ ] [ ], , ,a b c d p q× ⊗   , 
then it follows that ( ), ,f x y zα

−


  and ( ), ,f x y zα
+


  are Henstock triple integrable 
with [ ]0,1α ∈ . Therefore, ( ), ,f x y zα

−


  and ( ), ,f x y zα
+


  are Lebesgue mea-
surable and uniformly bounded [ ]0,1α∀ ∈ , [7]. Moreover,  

( ) ( ) ( )( )

[ ]
( ) ( ) ( ) ( ){ }

[ ]
( ) ( ) ( ) ( ){ }

1 1 1 2 2 2

1 1 1 2 2 2 1 1 1 2 2 2
0,1

1 1 1 2 2 2 1 1 1 2 2 2
0,1

, , , , , , ,

sup max , , , , , , , , ,

sup max , , , , , , , , , ,n n n n

n

r

x y z D f x y z f x y z

f x y z f x y z f x y z f x y z

f x y z f x y z f x y z f x y z

α α α α

α

α α α

α

ϕ

− − + +
∈

− − + +
∈

=

= − −

= − −

 

  

   

   

   

   

 

where the ( )n nα ∈  are the rational numbers in [ ]0,1 . According to Lebes-
gue’s dominated convergence theorem, it follows that ( ), ,x y zϕ   is Lebesgue 
integrable over [ ] [ ] [ ], , ,a b c d p q× ⊗    and what completes the proof.  

 
Keeping now three integrals we reach the following definitions.  
Definition 3.4. A function [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗ →

    is said to be  
( )1 2 3, ,L L L  Lipschitz if for any ( ) ( ) [ ] [ ] [ ]1 1 1 2 2 2, , , , , , , ,x y z x y z a b c d p q∈ × ⊗    ,  

( ) ( )( )1 1 1 2 2 2 1 1 2 2 1 2 3 1 2, , , , , .
F

D f x y z f x y z L x x L y y L z z≤ − + − + 

   

  

In order to introduce triple Simpson’s rule for evaluating FHTI, firstly we 




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prove the following theorem.  
Theorem 3.5. Let [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗ →

    be a fuzzy Henstock in-
tegrable, bounded mapping. Then, for any subdivision  

0 1 2 ma x x x x b= < < < < = , 0 1 2 nc y y y y d= < < < < = ,  

0 1 2 sp z z z z q= =    
    and any points [ ]1,i i ix xξ −∈ , 1,j j jy yη − ∈  ,  

[ ]1,k k kz zζ −∈    we have  

( ) ( )

( )( ) ( )

( )( )

[ ] [ ]( ) ( ) ( )( )
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

1 1 1, , ,

, , d d d ,

, ,

, , , .

F

F

Fi i j j k k

b d q

a c p

m n s

i i j j k k i j k
i j k

m n s

i i j j k k
i j k

i i j j k kx x y y z z

D FHTI f x y z z y x

x x y y z z f

x x y y z z

f x x y y z z

ξ η ζ

ω
− − −

− − −
= = =

− − −
= = =

− − − × ⊗ 






− − 



≤ − −

− −

∫ ∫ ∫

⊕⊕⊕

∑∑∑





 



 

 

 

 



 















 

Proof Since that the Henstock integral is additive related to interval [13], 
hence,  

( ) ( )

( )( ) ( )

( ) ( )

( )( )

1 1 1

1 1 1
1 1 1

1 1 1

1 1 1
1 1 1

, , d d d ,

, ,

, , d d d ,

,

F

i j k

i j k

F

b d q

a c p

m n s

i i j j k k i j k
i j k

m n s x y z

x y zi j k

m n s

i i j j k k i
i j k

D FHTI f x y z z y x

x x y y z z f

D FHTI f x y z z y x

x x y y z z f

ξ η ζ

ξ η

− − −

− − −
= = =

= = =

− − −
= = =






− − 




= 


− −

∫ ∫ ∫

⊕⊕⊕

⊕⊕⊕ ∫ ∫ ∫

⊕⊕⊕











 

 

 



 



 











 ( ), .j kζ






 

Since it’s clear that ( ) ( )( ) ( )d d d
b d q

a c p
FHTI k z y x b a d c q p k= − − ⊗∫ ∫ ∫





 

  

 for 
any fuzzy constant Fk ∈  , we obtain  

( ) ( )

( )( ) ( )

( ) ( )

( )

1 1 1

1 1 1

1 1 1
1 1 1

1 1 1

1 1 1

, , d d d ,

, ,

, , d d d ,

,

F

i j k

i j k

i j k

i j k

b d q

a c p

m n s

i i j j k k i j k
i j k

m n s x y z

x y zi j k

m n s x y z
ix y zi j k

D FHTI f x y z z y x

x x y y z z f

D FHTI f x y z z y x

FHTI f

ξ η ζ

ξ

− − −

− − −

− − −
= = =

= = =

= = =






− − 




= 


∫ ∫ ∫

⊕⊕⊕

⊕⊕⊕ ∫ ∫ ∫

⊕⊕⊕ ∫ ∫ ∫















 

 

 



 



 

( ), d d d .j k z y xη ζ








 

By the fourth property of the theorem 3.2, we have  

( ) ( )

( ) ( )

( ) ( )(
( )

1 1 1

1 1 1

1 1 1

1

1 1 1

1 1 1

1 1 1

, , d d d ,

, , d d d

, , d d d ,

i j k

i j k

i j k

i j k

i j k

i j k

i

i

m n s x y z

x y zi j k

m n s x y z
i j kx y zi j k

m n s x y z
i j kx y zi j k

x

x y

D FHTI f x y z z y x

FHTI f z y x

D FHTI f z y x

FHTI

ξ η ζ

ξ η ζ

− − −

− − −

− − −

−

= = =

= = =

= = =









≤

⊕⊕⊕ ∫ ∫ ∫

⊕⊕⊕ ∫ ∫ ∫

⊕⊕⊕ ∫ ∫ ∫

∫















 

 



 



( ) )1 1
, , d d dj k

j k

y z
i j kz

f z y xξ η ζ
− −

∫ ∫




 


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Since the functions ( ) ( )( ), , , , ,i j kD f x y z f ξ η ζ  

  are Lebesgue integrable for 
1, , ; 1, ,i m j n= =   and 1, ,k s=   from lemma 3.3 we have 

( ) ( )

( )( ) ( )

( ) ( ) ( )( )
1 1 1

1 1 1
1 1 1

1 1 1

, , d d d ,

, ,

, , , , , d d d .

F

i j k

i j k

b d q

a c p

m n s

i i j j k k i j k
i j k

m n s x y z
i j kx y zi j k

D FHTI f x y z z y x

x x y y z z f

L D f x y z f z y x

ξ η ζ

ξ η ζ
− − −

− − −
= = =

= = =






− − 



≤

∫ ∫ ∫

⊕⊕⊕

⊕⊕⊕ ∫ ∫ ∫











 

 

 

  

 

   

From the first property of the theorem 3.2 applied to each of the above inte-
grals we have 

( ) ( )

( )( ) ( )

( ) [ ] [ ]( )

( ) ( )( )
1 1 11 1 1

1 1 1
1 1 1

, , ,
1 1 1

1 1 1

, , d d d ,

, ,

, , , d d d

F

i j k

i i j j k ki j k

F

b d q

a c p

m n s

i i j j k k i j k
i j k

m n s x y z

x x y y z zx y zi j k

i i j j k k

i

D FHTI f x y z z y x

x x y y z z f

L

f x x y y z z z y x

ξ η ζ

ω
− − −− − −

− − −
= = =

 × ⊗ = = =

− − −

=






− − 



≤

− −

=

∫ ∫ ∫

⊕⊕⊕

⊕⊕⊕ ∫ ∫ ∫







 




 

 

 



  











( )( )

[ ] [ ]( ) ( ) ( )( )
1 1 1

1 1 1
1 1 1

1 1 1, , ,
, , , ,

F

Fi i j j k k

m n s

i i j j k k
j k

i i j j k kx x y y z z

x x y y z z

f x x y y z zω
− − −

− − −
= =

− − − × ⊗ 

− −

− −

∑∑∑

 

 



 









 

which completes the proof.  
 

Corollary 3.6. Let [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗ →

    be a Henstock triple in-
tegrable, bounded mapping. Then, for 2m n s= = =  we have  

( ) ( )

( )( ) ( )

( )( ) [ ] [ ] [ ] ( ) ( )( )
( )( ) [ ] [ ] [ ] ( ) ( )( )
( )( ) [ ]

2 2 2

1 1 1
1 1 1

, , ,

, , ,

,

, , d d d ,

, ,

, , ,

, , ,

F

F F

F F

F

b d q

a c p

i i j j k k i j k
i j k

a c p

a c q

a

D FHTI f x y z z y x

x x y y z z f

a c p f a c p

a c q f a c q

a d p

α β γ

α β γ

α

ξ η ζ

α β γ ω α β γ

α β γ ω α β γ

α β γ ω

− − −
= = =

× ⊗

× ⊗






− − 



≤ − − − −

+ − − − −

+ − −

∫ ∫ ∫

⊕⊕⊕







 



 

 

 



  



  

 



 

 





 

 





[ ] [ ] ( ) ( )( ), , , , ,
Fd p f a d pβ γ α β γ× ⊗ − −





 



 

( )( ) [ ] [ ] [ ] ( ) ( )( )
( )( ) [ ] [ ] [ ] ( ) ( )( )
( )( ) [ ] [ ] [ ] ( ) ( )( )
( )( ) [ ] [ ] [ ] ( ) ( )( )
( )( ) [ ]

, , ,

, , ,

, , ,

, , ,

,

, , ,

, ,

, ,

, , ,

F F

F F

F F

F F

F

a d q

b c p

b c q

b d p

b

a d q f a d q

b c p f b c p

b c q f b c q

b d p f b d p

b d q

α β γ

α β γ

α β γ

α β γ

α

α β γ ω α β γ

α β γ ω α β γ

α β γ ω α β γ

α β γ ω α β γ

α β γ ω

× ⊗

× ⊗

× ⊗

× ⊗

+ − − − −

+ − − − −

+ − − − −

+ − − − −

+ − −

 



 





  



  



  



  



 

 

 

 



 

 

 

 

 [ ] [ ] ( ) ( )( ), , , , , ,
Fd q f b d qβ γ α β γ× ⊗ − −

 







 


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for any [ ] [ ], , ,a b c dα β∈ ∈  and [ ],p qγ ∈   , ( ) [ ] [ ] [ ], , , , ,u v w a c pα β γ∈ × ⊗    
and ( ) [ ] [ ] [ ], , , , ,u v w b d qα β γ′ ′ ′ ∈ × ⊗    where 1 uξ = , 2 uξ ′= ; 1 vη = , 2 vη ′= ; 

1 wζ =  , 2 wζ ′=  . 
Proof It’s clear that for 2, 2m n= =  and 2s =  in the theorem 3.5 the in-

equality stated above is obtained.  
The corollary below gives the fuzzy variant of Simpson’s threefold rule with a 

new error bound. 
Corollary 3.7. Let [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗

 
   be a Henstock triple in-

tegrable, bounded mapping. Then,  

( ) ( )
( )( )

( ) ( )( ) ( ) ( )( )

, , d d d ,
216

, , , , 4 , , , , , , , ,
2 2

4 , , 4 , , , ,
2 2 2

Fb d q

a c p

b a d c q p
D ITFHK f x y z z y x

a b a bf a c p f a c q f c p f c q f b c p f b c q

p q a b p q pf a c f c f b c

 − −



  + +     ⊕ ⊕ ⊕ ⊕ ⊕     

     
⊕ + ⊕ ⊕   ⊕ ⊕ ⊕   

   

∫ ∫ ∫




 



 

     

     

     

  



 

 

2

, , 4 , , , ,
2 2 2 2

, , 4 , , , ,
2 2 2 2 2 2 2

q

c d a b c d c df a p f p f b p

c d p q a b c d p q c d p qf a f f b

  
     

 + + + +      ⊕ ⊕ ⊕            
 + ⊕ + + ⊕ + ⊕      ⊕ ⊕ ⊕            

  

  

     

  





 

( ) ( )( )

, , 4 , , , ,
2 2 2 2

, , 4 , , , ,
2 2 2 2

, , , , 4 , , , ,
2 2

c d a b c d c df a q f q f b q

p q a b p q p qf a d f d f b d

a b a bf a d p f a d q f d p f d q

 + + + +      ⊕ ⊕ ⊕            
 ⊕ + ⊕ ⊕      ⊕ ⊕ ⊕             

 + +    ⊕ ⊕ ⊕ ⊕ ⊕    
    

  

  

     

  

    

   





 ( ) ( )( )

( )( ) [ ] [ ] [ ], , ,

, , , ,

27 , , ,
6 6 6

F

F a b c d p q

f b d p f b d q

q pb a d cb a d c q p fω × ⊗

 ⊕    
 − − ≤ − −
 
 

 



 

 



 







 

Proof 

This inequality follows from the previous corollary by setting 5
6

a bα +
= , 

5
6

c dβ +
= , 5

6
p qγ ⊕

=
 



 , u a= , 
2

a bv +
= , w b= , u c′ = , 

2
c dv +′ = ,  

w d′ = , u p=  , 
2

p qv ⊕
=
 

  and w q=  . 

 
Theorem 3.8. Let [ ] [ ] [ ]: , , , Ff a b c d p q× ⊗ →

    be a Lipschitz mapping 
with the constants 1 2,L L  and 3L . Then, for any subdivision  

0 1 2:m ma x x x x b∆ = < < < < = , 0 1 2:n nc y y y y d∆ = < < < < =  

and 

0 1 2:s sp z z z z q∆ = =    
   . [ ]1,i i ix xξ −∀ ∈ , 1,2, ,i m=  ; 

1,j j jy yη − ∈  , 1,2, ,j n=   and [ ]1,k k kz zζ −∈   , 1,2, ,k s=  ; 




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we have  

( ) ( )

( )( ) ( )

( ) ( )(
( ) ( )
( )( ) )

1 1 1
1 1 1

2
1 1 1 1

1 1 1

2
2 1 1 1

2
3 1 1 1

, , d d d ,

, ,

.

F

F

F

F

b d q

a c p

m n s

i i j j k k i j k
i j k

m n s

j j k k i i
i j k

i i k k j j

i i j j k k

D FHTI f x y z z y x

x x y y z z f

L y y z z x x

L x x z z y y

L x x y y z z

ξ η ζ− − −
= = =

− − −
= = =

− − −

− − −






− − 



≤ − −

+ − −

+ − −

∫ ∫ ∫

⊕⊕⊕

∑∑∑







 

 

 

 

 

 



















 

Proof Similar to the proof of theorem 3.5 we have  

( ) ( )

( )( ) ( )

( ) ( ) ( )( )
1 1 1

1 1 1
1 1 1

1 1 1

, , d d d ,

, ,

, , , , , d d d .

F

i j k

i j k

b d q

a c p

m n s

i i j j k k i j k
i j k

m n s x y z
i j kx y zi j k

D FHTI f x y z z y x

x x y y z z f

L D f x y z f z y x

ξ η ζ

ξ η ζ
− − −

− − −
= = =

= = =






− − 



≤

∫ ∫ ∫

⊕⊕⊕

⊕⊕⊕ ∫ ∫ ∫











 

 

 

  

 

 
 

We obtain by the definition of a Lipschitz mapping  

( ) ( ) ( )( )

(
)

1 1 1

1 1 1

1 1 1 1 1 1

1 1 1

1
1 1 1

2 3

, , , , , d d d .

d d d

d d d d d d

i j k

i j k

i j k

i j k

i j k i j k

i j k i j k F

m n s x y z
i j kx y zi j k

m n s x y z
ix y zi j k

x y z x y z
j kx y z x y z

L D f x y z f z y x

L x z y x

L y z y x L z z y x

ξ η ζ

ξ

η ζ

− − −

− − −

− − − − − −

= = =

= = =
≤ −

⊕ − ⊕

⊕⊕⊕ ∫ ∫ ∫

⊕⊕⊕ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫ ∫









 

 

  

 





  




 

It follows by direct computation that  

(
)

( ) ( ) ( )

( )

1 1 1

1 1 1 1 1 1

1
1 1 1

2 3

2 2
1 1 1 1

1 1 1

2 1

d d d

d d d d d d

1 (
2

i j k

i j k

i j k i j k

i j k i j k F

F

m n s x y z
ix y zi j k

x y z x y z
j kx y z x y z

m n s

j j k k i i i i
i j k

i i k

L x z y x

L y z y x L z z y x

L y y z z x x

L x x z

ξ

η ζ

ξ ξ

− − −

− − − − − −

= = =

− − −
= = =

−

−

⊕ − ⊕

 = − − − − 

+ −

⊕⊕⊕ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫ ∫

∑∑∑





 

 





  

 











( ) ( )

( )( )

2 2
1 1

2 2

3 1 1 1

F

F F

k j j j j

i i j j k k k k

z y y

L x x y y z z

η η

ζ ζ

− −

− − −

 − − −  

 + − − −    



 

 



 



 

 

( ) ( )

( ) ( )
( )( ) )

2
1 1 1 1

1 1 1

2
2 1 1 1

2
3 1 1 1

1 (
2

.

F

F

F

m n s

j j k k i i
i j k

i i k k j j

i i j j k k

L y y z z x x

L x x z z y y

L x x y y z z

− − −
= = =

− − −

− − −

≤ − −

+ − −

+ − −

∑∑∑  

 

 













 

 
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4. Numerical Example 

Let [ ] [ ]: 0,1 1,2 1,2 Ff  × ⊗ → 
    , ( ) 2, , 3f x y z x y z= + ⊕

   where ( )1 0,1,2= ; 
( )2 1,2,3= ; ( )1, , 1z z z z= − + , and where ( )1 2 3, ,a a a  is a triangular fuzzy 

number such that 

( )

1
1 2

2 1

3
2 3

3 2
0 otherwise

x a a x a
a a

x a x
a x a

a a
µ

− ≤ ≤ −
= − ≤ ≤ −


 

We must compute the integral  

( ) ( )1 2 2

0 1 1
, , d d dFHTI f x y z z y x∫ ∫ ∫







 
 

numerically.  
Firstly let’s define the different α-cuts below:  

( )( ) 2 2, , 3 1 , 3 1 ,f x y z x y z x y z
α

α α = + + − + + + + − 



 

[ ]1 , 1 ,z z zα α α= − + + −  

[ ]1 ,2 ,α α α= −  

[ ]2 1 ,3 , andα α α= + −  

( ) ( )( ) [ ]1 2 2

0 1 1
, , d d d min ,max .I FHTI f x y z z y x S S

α
α = =∫ ∫ ∫








   

where 

( ){ ( )

( ) ( )

( ) ( )

1 2 1 1 2 1

0 1 0 1

1 2 3 1 2 3

0 1 0 1
1 2 1 1 2 1

0 1 2 0 1 2
1 2

0 1 2

, , d d d ; , , d d d ;

, , d d d ; , , d d d ;

, , d d d ; , , d d d ;

S f x y z z y x f x y z z y x

f x y z z y x f x y z z y x

f x y z z y x f x y z z y x

α αα α α α
α α

α αα α α α
α α

α αα α α α
α α

+ +

− − − +

− −

− − − +

+ +

− − − +− −

−

= ∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫ ∫
∫ ∫ ∫ ∫ ∫ ∫
∫ ∫

 

   

 

   

 

   

( ) ( )3 1 2 3

0 1 2
, , d d d ; , , d d d ;f x y z z y x f x y z z y x

α αα α α α
α α

− −

− − − +−∫ ∫ ∫ ∫ 

   

 

 

( ) ( )

( ) ( )

( ) ( )

1 2 1 1 2 1

0 1 0 1
1 2 3 1 2 3

0 1 0 1
1 2 1 1 2 1

0 1 2 0 1 2
1 2 3

0 1 2

, , d d d ; , , d d d ;

, , d d d ; , , d d d ;

, , d d d ; , , d d d ;

f x y z z y x f x y z z y x

f x y z z y x f x y z z y x

f x y z z y x f x y z z y x

α αα α α α
α α

α αα α α α
α α

α αα α α α
α α

α

+ +

+ − + +

− −

+ − + +

+ +

+ − + +− −

−

∫ ∫ ∫ ∫ ∫ ∫
∫ ∫ ∫ ∫ ∫ ∫
∫ ∫ ∫ ∫ ∫ ∫

∫ ∫

 

   

 

   

 

   

( ) ( ) }1 2 3

0 1 2
, , d d d ; , , d d d .f x y z z y x f x y z z y x

α αα α α α
α

− −

+ − + +−∫ ∫ ∫ ∫ 

   

 

We must calculate these sixteen integrals while noting that they are two by 
two equal.  

We remark that 

( ) ( )( )

[ ]
( ) ( ){ ( ) ( )

[ ]
( ) ( ) ( ) ( ){

( ) ( ) ( ) ( )}

1 1 1 2 2 2

1 1 1 2 2 2 1 1 1 2 2 2
0,1

2 2
1 2 1 2 1 2

0,1

2 2
1 2 1 2 1 2

, , , , ,

sup max , , , , , , , , ,

sup max 3 1 ,

3 1

D f x y z f x y z

f x y z f x y z f x y z f x y z

x x y y z z

x x y y z z

α α α α

α

α
α

α

− − + +
∈

∈

= − −

= − + − + − + −

− + − + − + −

 

 

   

   
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[ ]
( ){ }

[ ]
( ){ }

[ ]
( ){ }

1 2 1 2 1 2 1 2
0,1 0,1

1 2
0,1

1 2 1 2 1 2

sup max , sup max 3,3

sup max 1,1

2 3 .

x x x x x x y y

z z

x x y y z z

α α

α

∈ ∈

∈

≤ − + + + −

+ −

≤ − + − + −

 

i.e. f  is a Lipschitz mapping with 1 22, 3L L= =  and 3 1L = . 
Indeed, 

( ) ( )1 2 1 1 2 1

0 1 0 1
, , d d d , , d d d ,f x y z z y x f x y z z y x

α αα α α α
α α

+ +

− − − +=∫ ∫ ∫ ∫ ∫ ∫ 

          (4.1) 

because d d dz z zα α
− += =   

From where, 4.1 becomes 

( ) ( )

( )

( )

1 2 1 1 2 1

0 1 1 0
1 2 1 2

1 0
131 2

1
0

1 2

1

, , d d d , , d d d

3 1 d d d

3 1 d d
3

23 d d
3

x

f x y z z y x f x y z x y z

x y z x y z

x y z y z

y z y z

α αα α
α α

α

α

α

α

α

α

α

α

α

+ +

− −

+

+

=

+

=

= + + − +

 
= + + − + 

 

 = − + + 
 

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

∫ ∫

∫ ∫

 

 

 

                   

2
1 2

1

1

1
2

3 2 d
2 3

23 d
6

23 1
6 2

13 2 .
3

y

z

y z y z

z z

z z

α

α

α

α

α

α

α

α

α

α

+

=

+

+

=

  = + − + +    

  = + +    

  = + +    

= +

∫

∫
 

Proceeding in the same way for the other integrals we obtain 

( ) ( )

( )

1 2 3 1 2 3

0 1 0 1
1 2 3

0 1

2

, , d d d , , d d d

, , d d d

232 16
3

f x y z z y x f x y z z y x

f x y z z y x

α αα α α α
α α

α α
α

α α

− −

− − − +

−

−

=

=

= − − +

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

 

   



  

( ) ( )

( )

1 2 1 1 2 1

0 1 2 0 1 2
1 2 1

0 1 2
2

, , d d d , , d d d

, , d d d

6 29 16
3

f x y z z y x f x y z z y x

f x y z z y x

α αα α α α
α α

α α
α

α α

+ +

− − − +− −

+

−−

=

=

+ −
=

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

 

   



  

( ) ( )

( )

1 2 3 1 2 3

0 1 2 0 1 2
1 2 3

0 1 2

, , d d d , , d d d

, , d d d

19
3

f x y z z y x f x y z z y x

f x y z z y x

α αα α α α
α α

α α
α

− −

− − − +− −

−

−−

=

=

=

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

 

   



  

https://doi.org/10.4236/jamp.2024.123056


K. S. Didier et al. 
 

 

DOI: 10.4236/jamp.2024.123056 909 Journal of Applied Mathematics and Physics 
 

( ) ( )

( )

1 2 1 1 2 1

0 1 0 1
1 2 1

0 1

, , d d d , , d d d

, , d d d

19
3

f x y z z y x f x y z z y x

f x y z z y x

α αα α α α
α α

α α
α

+ +

+ − + +

+

+

=

=

=

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

 

   



  

( ) ( )

( )

1 2 3 1 2 3

0 1 0 1
1 2 3

0 1

2

, , d d d , , d d d

, , d d d

532 22
3

f x y z z y x f x y z z y x

f x y z z y x

α αα α α α
α α

α α
α

α α

− −

+ − + +

−

+

=

=

= − +

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

 

   



  

( ) ( )

( )

1 2 1 1 2 1

0 1 2 0 1 2
1 2 1

0 1 2
2

, , d d d , , d d d

, , d d d

6 47 22
3

f x y z z y x f x y z z y x

f x y z z y x

α αα α α α
α α

α α
α

α α

+ +

+ − + +− −

+

+−

=

=

− + −
=

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

 

   



  

( ) ( )

( )

1 2 3 1 2 3

0 1 2 0 1 2
1 2 3

0 1 2

, , d d d , , d d d

, , d d d

25 2 .
3

f x y z z y x f x y z z y x

f x y z z y x

α αα α α α
α α

α α
α

α

− −

+ − + +− −

−

+−

=

=

= −

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫

 

   



  

Finally S becomes 
2

2 2

2

13 23 6 29 16 19 532 , 2 16, , ,2 22,
3 3 3 3 3
6 47 22 25, 2 .

3 3

S α αα α α α α

α α α

+ −= + − − + − +

− + − − 



 

We have for 1α =  that [ ]1 6,3333;6,3333I = , for 0,9α =  
{ }6,1333;7,4800;4,9867;6,3333;7,7200;5,1467;6,5333S =  

this is shows that [ ]0,9 4,9867;7,7200I = . 
In Table 1 below we summarize the results for the different values of α .  

 
Table 1. The results of example. 

α  , ,m n sIα  , ,m n sIα  

1 6.3333 6.3333 

0.9 4.9867 7.7200 

0.8 3.6800 9.1467 

0.7 2.4133 10.6133 

0.6 1.1867 12.1200 

0.5 0.0000 13.6667 

0.4 −1.3867 15.2533 

0.3 −2.8133 16.8800 

0.2 −4.2800 18.5467 

0.1 −5.7867 20.2533 

0.0 −7.3333 22.0000 
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5. Conclusion 

In this article, it was a question of introducing and evaluating the fuzzy triple 
integral of Henstock-Kurzweil whose one of the variables is fuzzy, using Simp-
son’s rule and Hausdorff distance. Therefore, we compute the integral on a qua-
si-fuzzy parallelepiped domain. In this direction, we have established and dem-
onstrated a theorem which shows the upper limit of the distance between the 
exact values and approximate. For the rest, it would be possible to do the same 
analyzes for the integral of a fuzzy function with three variables of which two (or 
three) are fuzzy on a fuzzy parallelepipedal domain. 

Conflicts of Interest 

The authors declare no conflicts of interest regarding the publication of this pa-
per. 

References 
[1] Sugeno, M. (1974) Theory of Fuzzy Integrals and Its Applications. Doctoral Thesis, 

Tokyo Institute of Technology, Tokyo.  

[2] Wu, H.-C. (2000) The Fuzzy Riemann Integral and Its Numerical Integration. Fuzzy 
Sets and Systems, 110, 1-25. https://doi.org/10.1016/S0165-0114(97)00353-9 

[3] Wu, H.-C.  (2001) Evaluate Fuzzy Riemann Integrals Using the Monte Carlo Me-
thod. Journal of Mathematical Analysis and Applications, 264, 324-343.  
https://doi.org/10.1006/jmaa.2001.7659 

[4] Allahviranloo, T. (2005) Romberg Integration for Fuzzy Functions. Applied Ma-
thematics and Computation, 168, 866-876.  
https://doi.org/10.1016/j.amc.2004.09.036 

[5] Fariborzi Araghi, M.A. (2004) Numerical Solution of the Fuzzy Definite Integrals 
Using the Newton Cotes Integration Methods. In 5th Iranian Conference of Fuzzy 
Systems, Tehran, September 2004, 283-290.  

[6] Fariborzi Araghi, M.A. (2006) Numerical Solution of Fuzzy Integrals. In Proceeding 
of the International Conference of Numerical Analysis and Applied Mathematics, 
Crete, 15-19 September 2006, 32-35.  

[7] Wu, C.X. and Gong, Z.T. (2001) On Henstock Integral of Fuzzy-Number-Valued 
Functions (I). Fuzzy Sets and Systems, 120, 523-532.  
https://doi.org/10.1016/S0165-0114(99)00057-3 

[8] Bede, B.Á.S. and Gal, S.G. (2004) Quadrature Rules for Integrals of Fuzzy-Num- 
bervalued Functions. Fuzzy Sets and Systems, 145, 359-380.  
https://doi.org/10.1016/S0165-0114(03)00182-9 

[9] Didier, K.S., Dany, K.N., Jean-Paul, M.K., and Jean-Pierre, L.N. (2023) Fuzzy 
Henstock-Kurzweil Triple Integral. Journal of Applied Mathematics and Physics, 
11, 1860-1870. https://doi.org/10.4236/jamp.2023.117120 

[10] Didier, K.S., Sieka, Z., Josline, B.M. and Graciel, I.N. (2021) Intégrale Double 
d’henstock d’une Fonction Floue dont L’une des Variables est Floue. International 
Journal of Innovation and Applied Studies, 34, 513-520.  

[11] Goguen, J.A. (1973) Fuzzy Sets. Information and Control, 8, 338-353. 
https://doi.org/10.1016/S0019-9958(65)90241-X 

https://doi.org/10.4236/jamp.2024.123056
https://doi.org/10.1016/S0165-0114(97)00353-9
https://doi.org/10.1006/jmaa.2001.7659
https://doi.org/10.1016/j.amc.2004.09.036
https://doi.org/10.1016/S0165-0114(99)00057-3
https://doi.org/10.1016/S0165-0114(03)00182-9
https://doi.org/10.4236/jamp.2023.117120
https://doi.org/10.1016/S0019-9958(65)90241-X


K. S. Didier et al. 
 

 

DOI: 10.4236/jamp.2024.123056 911 Journal of Applied Mathematics and Physics 
 

[12] Goetschel Jr, R. and Voxman, W. (1986) Elementary Fuzzy Calculus. Fuzzy Sets and 
Systems, 18, 31-43. https://doi.org/10.1016/0165-0114(86)90026-6 

[13] Lee, P.Y. (1989) Lanzhou Lectures on Henstock Integration. Vol. 2, World Scientif-
ics. 

https://doi.org/10.4236/jamp.2024.123056
https://doi.org/10.1016/0165-0114(86)90026-6

	Fuzzy Henstock-Kurzweil Triple Integral on a Type 1 Quasi-Fuzzy Parallelepipedal Domain
	Abstract
	Keywords
	1. Introduction
	2. Preliminaries 
	3. Triple Simpson’s Rule for the Fuzzy Henstock-Kurzweil Triple Integrals
	4. Numerical Example
	5. Conclusion
	Conflicts of Interest
	References

