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ABSTRACT

In this paper, we introduce the generalized 2-primes sequences and we deal with, in detail, three
special cases which we call them 2-primes, Lucas 2-primes and modified 2-primes sequences.
We present Binet’s formulas, generating functions, Simson formulas, and the summation formulas
for these sequences. Moreover, we give some identities and matrices related with these sequences.
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1 INTRODUCTION The sequence of Fibonacci numbers {F,} and
the sequence of Lucas numbers {L,} are
defined by

In this paper, we investigate the generalized 2-
primes sequences and we investigate, in detalil,
three special cases which we call them 2- 4.4

primes, Lucas 2-primes and modified 2-primes

sequences. Lp,=Ln_1+Lp_2, n>2, Lo=2 L1 =1

F7L:F7L71+F7L72a TLZQ, F0:0>F1:17
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respectively. The generalizations of Fibonacci
and Lucas sequences lead to several nice and
interesting sequences.

The generalized Fibonacci sequence
{Wn (Wo, W1;r,8) In>o (or shortly {W,},>0) is
defined (by Horadam [1]) as follows:
W =1rWh_1+sWp_2, Wo=a, W1 =0, n>2
(1.1)
where Wy, W, are arbitrary complex (or real)
numbers and r,s are real numbers, see also
Horadam [2], [3] and [4]. Now these numbers
{Whn(a,b;r,s)} are called Horadam numbers.

The sequence {W,}.>0 can be extended to
negative subscripts by defining

T 1
W_n = _EW—(n—l) + EW—(n—Q)

for n 1,2,3,... when s # 0. Therefore,
recurrence (1.1) holds for all integer n.

For some specific values of a,b,r and s, it
is worth presenting these special Horadam
numbers in a table as a specific name. In
literature, for example, the following names and
notations (see Table 1) are used for the special
cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences

Name of sequence Whr(a,b;r,s) Binet Formula OEIS[5]
() (]
. . 2 2
Fibonacci W.(0,1;1,1) = F, 7 A000045
Lucas Wn(2,1;1,1) = L (”2“5)" + (Ff " A000032
1+v2)" = (1 -v2)"

Pell Wn(0,1;2,1) = P, (1+v2) ( ) A000129
Pell-Lucas Wn(2,2,2,1) =Qn (1+v2)" +(1-+v2)" A002203
Jacobsthal Wa(0,1;1,2) = J, FoCn A001045

Jacobsthal-Lucas W, (2,1;1,2) = j, 2" 4 (=1)" A014551

Here OEIS stands for On-line Encyclopedia of Integer Sequences.

Jacobsthal sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [6,7,8,9,10,11,12,13,14,15,16,17,18,19].

Pell sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example, [20,21,22,23,24,25,26,27]. For higher order

Pell sequences, see [28,29,30,31,32,33].

We can list some important properties of Horadam numbers that are needed.
e In 1843, Binet gave a formula which is called “Binet formula” for the usual Fibonacci numbers

F,, by using the roots ap = 12

F, =

2, Bp = 15/° of the characteristic equation 2> —z —1=0:

of = Br

a—p

Here ar is called Golden Proportion (or Golden Number or Golden Section) (for details, see

for example [34,35,36]).

Binet formula of Horadam sequence can be calculated using its characteristic equation which

is given as
2

x*—rx—s=0.

The roots of characteristic equation are

r— VA

2

35

r—l—\/Z

b=
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where A = r? + 45 and the followings hold

a+p = r
af = -—s.
Using these roots and the recurrence relation, Binet formula can be given as follows
Aan _ BB?’L
Wp,=——"— 1.2
— (12)

where A = b — a8 and B = b — aa. The Binet form of a sequence satisfying (1.2) for
non-negative integers is valid for all integers n,

e The generating function for Horadam numbers is

- Wo + (W1 - TWo):E
9(w) = 1—rx — sz2 '

(1.3)

e The Cassini identity for Horadam numbers is
Wi Waoy = Wi = "L (e Wo Wi — WY — Wi's). (1.4)

A search of the literature turns up that there are many identities including Simson (Cassini),
Catalan, d’'Ocagne, Melham, Tagiuri, Gelin-Cesaro, Gould identities, see for example, [37,38,39,-
40,41,42, 43,44].

o A summation formula for Horadam numbers is

(1.5)

Z”:W__ Wi —Wo(r —1) + sWyn — Wap
P T 1—r—s ’

e For A =1244s> 0, aand j3 are reals and a # 3. Note also that

o> =aVA—s (1.6)
and
8 = _pVA—s. (1.7)
[ ]
Aa" = aW, +sW,_1,
Bﬁn = IBWn + sWy—1.

In this paper we consider the case » = 2, s = 3 and in this case we write V,, = W,,. A generalized
2-primes sequence {V,, }n>0 = {Vn(Vo, V1) }n>0 is defined by the second-order recurrence relations

V=2V, 143V, o (1.8)
with the initial values V, = ¢o, V1 = ¢1 not all being zero.
The sequence {V,},.>0 can be extended to negative subscripts by defining
2 1
3 3
forn =1,2,3, .... Therefore, recurrence (1.8) holds for all integer n.

Vop =— V—(n—l) + V—(n—2)

Eqg. (1.2) can be used to obtain Binet formula of generalized 2-primes numbers. Binet formula of
generalized 2-primes numbers can be given as
_ bia” b28"  bia™ — byf”
(a=p) (B-a) (a—B)

36
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where
b1 = Vi — BVo, ba = Vi —alh. (1.9)
Here, o and j3 are the roots of the quadratic equation x> — 2z — 3 = 0. Moreover
a = 3
B = -1
Note that
atf = 2
aff = =3,
a—pf = 4.
So

(Vi 4+ Vp)3" — (Vi — 3Vp)(—1)"

1 .
The first few generalized 2-primes numbers with positive subscript and negative subscript are given
in the following Table 2.

Vo =

Table 2. A few generalized 2-primes numbers

n Vi V_n

0 Vo

1 1% %Vl - %Vb

2 3Vo + 2V sVo— 3V

3 6Vo + 7V =Vi— Z)—Svo
4 21V +20V4 Vo — W
5 60Vo + 61V1 2=Vi— 52V
6 183V +182V; Vo — B2V,
7T 546Vp +547Vi 24TV, — %%%Vo
8  1641Vp + 1640V 2220V, — 2229V

6561 6561

Now we define three special cases of the sequence {V,,}. 2-primes sequence{G,}.>0, Lucas 2-
primes sequence {H,}.>o and modified 2-primes sequence {E, }.>o are defined, respectively, by
the second-order recurrence relations

Gni2 =2Gn11 +3Gn, Go=1,G1 =2, (1.10)
Hn+2 :2Hn+1+3Hn, H() :2,H1 :2, (111)
and
Enio=2FE,41+3E,, FEy=1F =1, (1.12)
The sequences {Gy }n>0, { Hn}n>0 and {E, },>0 can be extended to negative subscripts by defining
2 1
G_, = _gG—(n—l) + gG,(nfz), (113)
2 1
an = 7§H7(n71) + ng(n72>7 (114)
and
2 1
E_,= _gE—(n—l) + gE—(n,—2)7 (115)

forn = 1,2, 3, ... respectively. Therefore, recurrences (1.13), (1.14) and (1.15) hold for all integer n.

Note that the sequences {G.}, {H.} and {E,} are not indexed in [5] yet. Next, we present the
first few values of the 2-primes, Lucas 2-primes and modified 2-primes numbers with positive and
negative subscripts:
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Table 3. The first few values of the special second-order numbers with positive and negative

subscripts

n 0 1 2 3 4 5 6 7 8 9 10 11 12
Gn 1 2 7 20 61 182 547 1640 4921 14762 44287 132860 398581
el 0 1 _2 T _ 20 61 _ 182 547 _ 1640 4921 _ 14762 44287
-n 3 9 27 81 243 729 2187 6561 19683 59049 177147
H,, 2 2 10 26 82 242 730 2186 6562 19682 59050 177146 531442
H _2 10 _ 26 82 _ 242 730 _ 2186 6562 _ 19682 59050 _ 177146 531442
-n 3 9 27 81 243 729 2187 6561 19683 59049 177147 531441
E,, 1 1 5 13 41 121 365 1093 3281 9841 29525 88573 265721
E _1 5 _ 13 41 _ 121 365 _ 1093 3281 _ 9841 29525 _ 88573 265721
—-n 3 9 27 81 243 729 2187 6561 19683 59049 177147 531441

For all integers n, 2-primes, Lucas 2-primes and modified 2-primes numbers (using initial conditions
in (1.9)) can be expressed using Binet’s formulas as

G B an+1 /8n+1 B 3n+1 + (_1)n
Tl B-w T
and
Hn:aT’L_FB’VL_3"’1_4_(_1)’117
and
(a—Da™  (B-1p" 3"+ (-"
E, = + = ,
(a—5) (B—a) 2
respectively.
Note that for all n we have
H, = 2E,,
En = Gn - Gn—l,
and
1 n
an = 377‘7_1(—1) Gn72, n 2 2
H_, = 3%(—1)"Hn, n>1,
B, — %(71)"&, n> 1.

2 GENERATING FUNCTIONS

Next, we give the ordinary generating function > V,,z" of the sequence {V,.}.

n=0

Lemma 2.1. Suppose that fv, (z) = i Vax™ is the ordinary generating function of the generalized

n=0

2-primes sequence {V,,}n>o0. Then, Y V,a" is given by
n=0

n Vot (Vi —2W)z
> V" = o a7 (2.1)

38



Soykan; AJARR, 9(2): 34-53, 2020; Article no.AJARR.56064

&)

Proof. Using the definition of generalized 2-primes numbers, and substracting 2z Y>> V,z" and
32230 V™ from 3°°° | V,,z™ we obtain

(1-2z— 3562) i V. = i Vox" — 2x i Vix™ — 322 i Vaz"
n=0 no:oo ;:0 o7;:0
= > V" —2> Vea"t —3) V"t
n=0 n=0 n=0
n=0 n=1 n=2

= (Vo+Viz) —2Voz+ Y (Vo — 2Vio1 — 3V, o)™
n=2

= Vo+ (V1 — QV()):C

Rearranging above equation, we obtain (2.1).

The previous Lemma gives the following results as particular examples.

Corollary 2.2. Generated functions of 2-primes, Lucas 2-primes and modified 2-primes numbers are

- 1
> Gna" = 1— 2z — 322

n=0
and
> " 2 -2z
> Hua" = 1— 22— 322
n=0
and .
1—=x
E,z" = —~7
Z & 1—2x — 3z2
n=0
respectively.

Proof. In Lemma 2.1, take V,, = G,, withGo =1,G1 =2,V,, = H, with Hy =2, H; =2and V,, = E,
with Eo = 1, By = 1, respectively.

3 OBTAINING BINET FORMULA FROM GENERATING FUNCTION

We next find Binet formula of generalized 2-primes numbers {V,,} by the use of generating function
for V.

Theorem 3.1. (Binet formula of generalized 2-primes numbers)

leén d2ﬂn
[ ) Ay G1
where
di = Vea+ (Vi —2W),
dy = VoB+ (Vi—2Vp)B.
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Proof. Let

h(z) =1 — 2z — 32°.
Then for some « and 3 we write

h(z) = (1 - az)(1 - fx)
i.e.,
1—2z—3z° = (1 —ax)(1— Bz).

Hence 1 and % are the roots of h(z). This gives « and 3 as the roots of

1 2 3

This implies z? — 2z — 3 = 0. Now, by (2.1) and (3.2), it follows that

= Vo+ (Vi —2W)z
EV" (1—ax)(1-px)

Then we write
Vo+ (Vi —2W)z A Ao

(1—az)(1—B2) (—az)  (1-Ba)

So
Vo+ (Vi —2Vp)z = A1 (1 — Bz) + A2(1 — ax).

If we consider z = 1, we get Vo + (Vi — 2Vp) 2 = As(1 — £). This gives

[e3

A = aVo+ (Vi —2W)%)  Voa+ (Vi —2Vp)
L (a—B) G

Similarly, we obtain
— Voﬁ + (‘/1 — ZVO)/B

(B—a)

A
Thus (3.3) can be written as

D Ve = Ai(1—ax) "t + As(1 - Bz)

n=0

This gives

oo

Z Vn:rn _ Al Zanxn + A2 Z/Bn:rn _ Z(Alan + AQBH)ZL'TL
n=0 n=0 n=0

n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

n = Alan + AQ,Bn

where
A Voa + (V1 —2V)
' (=B
4, - VeB+(Vi-2W)8
’ B—a)

and then we get (3.1).

40
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Note that from (1.9) and (3.1) we have

Vi—pVo = Voa+ (Vi—2W),
Vi —aWy VoB + (Vi — 2V0)B.

Next, using Theorem 3.1, we present the Binet formulas of 2-primes, Lucas 2-primes and modified
2-primes sequences.

Corollary 3.2. Binet formulas of 2-primes, Lucas 2-primes and modified 2-primes sequences are

n+1 n+1 n+1 n
o _ @ g3 (D)
CELRECED) i
and
Hy =" + 6" = 3"+ (-1)",
e (a—1a" (1) (—1)"
B, — a—1)a” -1 ":3"—1- -1
@-8 ' (B-a) 2
respectively.

We can find Binet formulas by using matrix method with a similar technique which is given in [29].
Take k = ¢ = 2 in Corollary 3.1 in [29]. Let

a 1 A | a o™t
A*(ﬁ 1)7A1*<5n71 1 )7A2*(5 ﬁnfl )
Then the Binet formula for 2-primes numbers is

2

1 1
O = G ; Gi—j det(A;) = £ (G2 det(A1) + G det(Az))
= detl(A) (7det(A1) + 2det(Az))
anfl 1 a an71 o 1
= (7 ,3”71 1 ' +2 5 ﬁn—l > /' ,3 1 ‘

Similarly, we obtain the Binet formula for Lucas 2-primes and modified 2-primes numbers as

H, - %(H2 det(Ar) + Hi det(A2))
an—l 1 a a"_l a 1
= (10' 671—1 1 l +2 8 Bn—l > / B 1|
and
B, - %(E2 det(A1) + E1 det(As))
Oén71 1 o an71 [e% 1
= (5 g1 ‘ + g gt ) / 8 1

respectively.
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4 SIMSON FORMULAS

There is a well-known Simson Identity (formula) for Fibonacci sequence {F, }, namely,
Fn+1Fn71 - Fs - (_1)n

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well.

This can be written in the form

Fn+1 Fn _ (_1)ﬂ
Fn anl o ’

The following theorem gives generalization of this result to the generalized 2-primes sequence {V,, }..>0.

Theorem 4.1 (Simson Formula of Generalized 2-Primes Numbers). For all integers n, we have

Vit Vo i W
‘/n Vn— 1 ‘/O V_ 1

Proof. Eq. (4.1) is given in Soykan [45].

= (-1)"3" (4.1)

The previous theorem gives the following results as particular examples.

Corollary 4.2. For all integers n, Simson formula of 2-primes, Lucas 2-primes and modified 2-primes
numbers are given as

Gn+1 Gn o n+lqon
’ Gn Gn—l - ( 1) 3 ’
and
Hn+1 H, _ _1\ntlgqn—1
‘ H, H_, |~ 16(—1) 3 s
and
En+1 En n+lon—1
‘ E, En_1 - 4(71) 3 )
respectively.

5 SOME IDENTITIES

In this section, we obtain some identities of 2-primes, Lucas 2-primes and modified 2-primes numbers.
First, we can give a few basic relations between {G,} and {H,}.

Lemma 5.1. The following equalities are true:

81H, = 82Gni4—242Gnys, (5.1)
27TH, = —26Gnyt3+ 82Gn12,
9H,, = 10Gn+2 —26Gn+1,

3H, = —2Gn+1+ 10G,,
H, = 2G,—2Gn-1,

and

72G, = b5Hp4a —13Hpys3,

24G, = —Hp4+3+5Hn42,
8Gn = Hpi2 — Hpya,
8G, = Hpy1+3H,,
8G, = bH,+3H,_1.

42



Soykan; AJARR, 9(2): 34-53, 2020; Article no.AJARR.56064

Proof. Note that all the identities hold for all integers n. We prove (5.1). To show (5.1), writing
Hn:aXGn+4+b><Gn+3
and solving the system of equations

Hy
H,

a X G4+bxGs
a X Gs+bx Gy

82

we find that a = g7,

b= f%. The other equalities can be proved similarly.

Note that all the identities in the above Lemma can be proved by induction as well.

Secondly, we present a few basic relations between {G,} and {E,}.

Lemma 5.2. The following equalities are true:

81E, = 41Gnis — 121Gnys,
27TE, = —13Gn+3+41Gn+2,
9E, = 5Gni2 —13Gns1,
3E, = —Gn1+5Gn,
E, = Gp,—Gn_,
and
36Gn = 5Enis— 13En4s,
12G, = —FEny3+ 58042,
4G, = FEnio— BEns,
AGn = Epi1+3E,,
4G, = bE,+3E,_1.

Thirdly, we give a few basic relations between {H,,} and {E,}.

Lemma 5.3. The following equalities are true:

9TH, = 14E, 44— 40E, 3,
9H, = —4E,4 3+ 14F, o,
3H, = 2Enio—4En 1,
H, = 2E,,
and
54E, = THnia —20Hnss
18En = 72Hn+3 + 7Hn+2
6E, = Hn+2 - 2Hn+1
2B, = H,

We now present a few special identities for the generalized 2-primes sequence {V,. }.

Theorem 5.4. (Catalan’s identity of the generalized 2-primes sequence) For all integers n and m,

the following identity holds:
1

VotmVaem — V2= —3n™m
+ 16

(=)™ (38Vo — Vi) (Vo + V1) (3™ — (=1)™)2.
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Proof. We use the identity
(Vi +W)3™ — (Vi — 3Vo)(—-1)"

Vi = 1

As special cases of the above theorem, we have the following corollary.

Corollary 5.5. For all integers n and m, the following identities hold:
@) GosmGnom — Gp = 153" (=1)" 7" (3™ — (1)),

(b) HyonHpm — Hy = 377" (=1)" 77" (3™ — (=1)™)*,

(©) EnimBn m — Ef = 33" (—=1)" " (3™ — (-1)")°.

Note that for m = 1 in Catalan’s identity of the generalized 2-primes sequence, we get the Cassini
identity for the generalized 2-primes sequnce.

Theorem 5.6. (Cassini’s identity of the generalized 2-primes sequence) For all integers n and m, the
following identity holds:

Vit Vuo1 = V2 =3""1(=1)""1 3V — Vi) (Vo + V).
As special cases of the above theorem, we have the following corollary.
Corollary 5.7. For all integers n and m, the following identities hold:
(@) Gpi1Gno1 —G%Z =3"(-1)""".
(b) Hy1H, 1 —H2=16x 3" 1 (—1)" .
(€) Eni1En 1 —E2 =4x3""1(=1)" 1.
The d’'Ocagne’s, Gelin-Cesaro’s and Melham’ identities can also be obtained by using

(Vi +V5)3" = (Vi = 3Vo)(=1)"
4 .

The next theorem presents d’'Ocagne’s, Gelin-Cesaro’s and Melham’ identities of generalized 2-
primes sequence {V,, }.

Vo =

Theorem 5.8. Letn and m be any integers. Then the following identities are true:

(a) (d’Ocagne’s identity)

Vit1Ven = Vi Vagr = = (Vi = 3Vo) (Vo + V1) ((-1)™ 3™ — (=1)" 3™).

N

(b) (Gelin-Cesaro’s identity)

1 n n n
Vat2Vas1Vao1Vooo — Vi = 133 (3" BV =) (Vo + V1) (3 + 32 4 58 (=3)")VE

+3(9 4 3% —58(—1)"3™MVg — 2(9 — 3> 458 (=3)") W1 VA).

(c) (Melham’s identity)

3 n n n n
Vis1Vat2Vais — Vips = 1 (=1)"3" (Vi = 3Vo) (Vo + V1) ((45 x 3" —=17(-1)")V1

+3(15 x 3" + 17 (—1)")V).

Proof. Use the identity V;, = (V03" ~(Vi—8Vo) (D"

44



Soykan; AJARR, 9(2): 34-53, 2020; Article no.AJARR.56064

As special cases of the above theorem, we have the following three corollaries. First one presents
d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of 2-primes sequence {G,. }.

Corollary 5.9. Letn andm be any integers. Then the following identities are true:
(@) (d’Ocagne’s identity)

Gm41Gn — GmGry1 = - ((=1)" 3™ — (=1)" 3").

=~

(b) (Gelin-Cesaro’s identity)

1 ,
Gri2Gni1Gn_1Gpn_o — Gn = (=n" 3" 49 (—1)" 3% — 58 x 37T,

(c) (Melham’s identity)

1
Gni1Gni2Gnis — Goys = Z(_N x 3" -5 (—1)" 37",

Second one presents d’'Ocagne’s, Gelin-Cesaro’s and Melham’ identities of Lucas 2-primes sequence
{Hn}.

Corollary 5.10. Letn andm be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
HmirHn — Hp Hpp = 4((=1)" 3™ — (=1)™ 3").
(b) (Gelin-Cesaro’s identity)
HpyoHp1Hy 1 Hy oo — Hyp = 16(3*"T —58(—=1)"3" 4+ 3) (—1)" 3" %,
(c) (Melham’s identity)
Hyi1HyioHnyo — Ho s = —16 x 3" (45 (—1)" 3" + 17)).

Third one presents d’Ocagne’s, Gelin-Cesaro’s and Melham’ identities of modified 2-primes sequence

{En}.
Corollary 5.11. Letn and m be any integers. Then the following identities are true:

(a) (d’'Ocagne’s identity)
E’m+lEn — EmEn+l = (_1)7L 3m _ (_l)m 3n.

(b) (Gelin-Cesaro’s identity)
En+2En+lEn—1En—2 - Ei = (71)’” (33’”72 + 3”72) — H8 x 3271,73.
(c) (Melham’s identity)

Ent1BEnioBnie — Eo 3= —2x 3" (45(=1)"3" +17).
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6 SUMS

The following proposition presents some formulas of generalized 2-primes numbers with positive
subscripts.

Proposition 6.1. Ifr = 2, s = 3 then forn > 0 we have the following formulas:

(a) ZZ:O Vi = i(Vn+2 — Vg1 — Vi +W).

(b) >or_o Var = £((2n+5) Vaniz — 6 (n + 2) Van g1 + 2V1 — TV).

(©) >r_oVart1 = 2(=2(n+1) Vania +3(2n+5) Vani1 — 3V +6V0).

Proof.

(@) Take z = 1,7 =2,s =3 in Theorem 2.1 (a) in [46].

(b) We use Theorem 2.1 (b) in [46]. If we set r = 2, s = 3 in Theorem 2.1 (b) in [46] then we have

Zn:mkv =Bz — 1) 2" Vang2 + 62" Vapq1 — 22V1 + (T — 1) Vo
A —92% + 10z — 1 '

For x = 1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use LHospital rule. Then we get

i Vo, = L (—(Br—1) 2" Vanyo + 62" Vang1 — 22V1 + (Tz — 1) Vo)
A 4 (2922 4 10w — 1)

1
= g((Qn +5) Vanga — 6 (n+ 2) Varp1 + 2V1 — V).

(c) We use Theorem 2.1 (c) in [46]. If we set r = 2, s = 3 in Theorem 2.1 (c) in [46] then we have

Z 22" Wapyo —3 Bz — 1) 2" Wans1 + B3z — 1) Vi — 62V4
E " Vaky1 = 5 .
= —922 4+ 10z — 1

For z = 1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use L'Hospital rule. Then we get

zn: A %(2$n+lv2n+2 —-3Bz—-1) xn+1V2n+1 + (3z — 1) Vi — 62Vp)
= (=922 + 10z — 1)

1
= §(72 (n+ 1) Vanito +3(27L+5) V2n+1 -3 +6V0).

As special cases of above proposition, we have the following three corollaries. First one presents
some summing formulas of 2-primes numbers (take V,, = G, with Go = 1,G1 = 2).

Corollary 6.1. Forn > 0 we have the following formulas:

(a) ZZ:O Gr = %(Gn+2 —Gny1—1).
(b) ZZ:O Gog = %((271 + 5) Gont2 — 6 (Tl + 2) Gont1 — 3)
(€) Yh—oGorr1 = §(=2(n+1) Gantz + 3 (20 + 5) Gan1).

Second one presents some summing formulas of Lucas 2-primes numbers (take V,, = H,, with
Hy=2,H, =2).

Corollary 6.2. Forn > 0 we have the following formulas:
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(@) Xh_o Hr = ;(Hnt2 — Hoy1).
(b) >i o How = £((2n+ 5) Hany2 — 6 (n + 2) Hany1 — 10).
(€) >r_oHokt1 = 2(—2(n+1) Hango +3(2n+ 5) Hany1 + 6).

Third one presents some summing formulas of modified 2-primes numbers (take V,, = E,, with Ey, =
1,E =1).

Corollary 6.3. Forn > 0 we have the following formulas:

(@) Yh_o Bx = 1(Ent2 — Eny1).

(b) Y7 o Eak = :((2n+5) Eanga — 6 (n+2) Ezng1 — 5).

(C) ZZ:O Fort1 = %(—2 (’I”L + 1) Fonya+3 (2n + 5) Fony1 + 3).

The following proposition presents some formulas of generalized 2-primes numbers with negative
subscripts.

Proposition 6.2. Ifr = 2,s = 3 then forn > 1 we have the following formulas:
(@ > Vo= i(—fﬂ/,n,l —3V_p_2+ V1 —Wp).
() Yr Voo =2((2n+1)Vogn —6(n+ 1) Voon_1 +2V1 — 5Vp).
(©) >p i Veorg1 = 2(—2(n+2)Veon +3(2n+ 1) Voon_1 — Vi + 6V0).
Proof.
(a) Take z = 1,7 =2,s =3 in Theorem 3.1 (a) in [46].
(b) We use Theorem 3.1 (b) in [46]. If we setr = 2,s = 3 in Theorem 3.1 (b) in [46] then we have

zn:w’*’v =" (@ = 3) Vg — 62" T Voo 1+ 22Vi+z(z —T) W
£ 2k = —22 410z — 9 '

For x = 1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use L'Hospital rule. Then we get

i v _ L(—a™ M (2= 3)Voogn — 62" Voo 1 +22Vi + 2 (z — 7) Vo)
=R L (22 410z — 9) .
1
= (@41 Vozn —6(n+1)Voon +2V1 = 5W0).

(c) We use Theorem 2.1 (c

-~

in [46]. If we setr =2, s = 3 in Theorem 2.1 (c) in [46] then we have

~ k 22"V _g, — 3 (z —3) 2" 142 (z —3) Vi + 62V
D7 Vorkin = —22+ 10z -9 '
k=1

For z = 1, the right hand side of the above sum formulas is an indeterminate form. Now, we
can use L'Hospital rule. Then we get

i v A (22" V g, — 3 (z — 3) 2" Veono1 + 2 (z — 3) Vi + 62V0)
—2k+1
= i 4 (22 + 10z —9)
1
= (2 Voan +32n+1)Voan 1 = Vi +6V0).

From the above proposition, we have the following corollary which gives sum formulas of 2-primes
numbers (take V,, = G, with Go = 1,G1 = 2).

47



Soykan; AJARR, 9(2): 34-53, 2020; Article no.AJARR.56064

Corollary 6.4. Forn > 1, 2-primes numbers have the following properties.
(a) ZZ:I G_p = i(—5G7n71 —3G_p_2+ 1).

(b) 22:1 G_op = %((217,4—1) G_on —6(n+1) G_op_1 — 1).

(C) Zzzl G_2k+1 = é(*Q (n + 2) G_on+3 (27’L + ].) G_on_1+ 4)

Taking V,, = H, with Hy = 2, H; = 2 in the last proposition, we have the following corollary which
presents sum formulas of 2-primes -Lucas numbers.

Corollary 6.5. Forn > 1, 2-primes -Lucas numbers have the following properties.

(a) ZZ:I H—k - %(75H—n—1 - 3H—n—2)-
(b) > Hor=2(2n+1)H 2, —6(n+1)H 2,1 —6).
(©) Y i Hookr1=32(-2(n+2)H 2, +3(2n+1) H 5,1 + 10).

From the above proposition, we have the following corollary which gives sum formulas of modified
2-primes numbers (take V,, = E,, with Ey = 1, E; = 1).

Corollary 6.6. Forn > 1, modified 2-primes numbers have the following properties.

@ > Bk =5(-5E-n-1—3E_n2)
(b) Z:zl FE_op = %((27’1 + 1) FE_o,—6 (n + 1) E_on_1— 3).
(C) ZZ:1 FE_opi1 = %(—2 (TL + 2) E_o,+3 (27’L + ].) E_on_ 1+ 5).

The following proposition presents some formulas of generalized 2-primes numbers with positive
subscripts.

Proposition 6.3. Ifr = 2, s = 3 then forn > 0 we have the following formulas:

@ Y o Vi =5(2n+7)Vin+(18n+49) Vil — 12 (n+ 3) Vaga Vg —5Vi = 31V5 + 2411 V).
() Sr_ o Vit1Vi = (= (n+2) Viio—9 (n + 3) ViZp 1 +(6n + 17) Voo Ve + VP +18V5 — 1111 V).

Proof. The proof can be given using induction on n.

As special cases of above proposition, we have the following three corollaries. First one presents
some summing formulas of 2-primes numbers (take V,, = G, with Go = 1, G1 = 2).

Corollary 6.7. Forn > 0 we have the following formulas:

@ XioGi = 55 ((2n+7)Ghys + (180 +49) G741 — 12(n + 3) Gni2Grnir — 3).
(b) i Grt1Gr = 15(— (n+2) Gz —9(n+3)Grhyy + (610 + 17) Gry2Gria).

Second one presents some summing formulas of Lucas 2-primes numbers (take V,, = H, with
Ho =2,H; = 2).

Corollary 6.8. Forn > 0 we have the following formulas:

@ Yr oHi=25(2n+7)Hapo + (18n+49) Hy oy — 12 (n+ 3) Hny2Hpp — 48).
(b) S o Hip1Hr = 15(—(n+2)Hyyo —9(n+3)Haq + (6n+ 17) Hppo Hnyr + 32).

Third one presents some summing formulas of modified 2-primes numbers (take V,, = E,, with Ey, =
1,E =1).

Corollary 6.9. Forn > 0 we have the following formulas:
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@ > oEi=5(2n+T7)Ero+ (18n+49)Ex i —12(n+3) Eny2Eni1 — 12).
() Y o Exs1Br=15(—(n+2)Eio—9(n+3)Ex 1 + (6n+17) Eny2Eny1 + 8).

The following proposition presents some formulas of generalized 2-primes numbers with negative

subscripts.

Proposition 6.4. Ifr = 2,s = 3 then forn > 1 we have the following formulas:

(@ >Sr_ Vi%=5(Cn+1) V2, i +(18n+23) V2, —12(n+ 1) Vopy1 Vo — VP —23V5 +12V1 Vh).

(b) Z}%} Vf)wvfk = E(=n+2) V3 9+ 1)V, + (6n+T) Vopy1Voy + 2V2 + 9V —
1V0).

Proof. The proof can be given using induction on n.

From the above proposition, we have the following corollary which gives sum formulas of 2-primes
numbers (take V,, = G, with Go = 1,G1 = 2).

Corollary 6.10. Forn > 1, 2-primes numbers have the following properties:

@ > Gh=5(n+1)G%, 1 +(18n+23)G2, —12(n+ 1) G_ny1G_n — 3).
b) Y Gokt1Gr =15 (—(n+2)G% 1 —9(n+1)G2, 4+ (6n+7) G_ny1G_n + 3).

Taking V,, = H, with Hy = 2, H; = 2 in the last proposition, we have the following corollary which
presents sum formulas of 2-primes -Lucas numbers.

Corollary 6.11. Forn > 1,

(@ >p_ H?>,=5(2n+1)H?, 1+ (18n+23)H2, —12(n+ 1) H_ny1 H_p, — 48).
(b) i  HopyrHop = 15(—(n+2)H2, 1y —9(n+ 1) H2, 4 (6n+7) H_pi1H_p + 16).

From the above proposition, we have the following corollary which gives sum formulas of modified
2-primes numbers (take V,, = E,, with Fy = 1, E; = 1).

Corollary 6.12. Forn > 1, modified 2-primes numbers have the following properties:

@ >r  F’r=o5(@n+1)E2, 1 +(18n+23)E2, —12(n+1) E_pp1 E_p — 12).
b) Sr B kiBp=5(—n+2)E%, 1 —9(n+1)E2, + (6n+7) E_pnp1E_p +4).

7 MATRICES RELATED WITH GENERALIZED 2-PRIMES
NUMBERS

Matrix formulation of W,, can be given as

(e )=(18) (w): )

For matrix formulation (7.1), see [47]. In fact, Kalman gave the formula in the following form

(w )= 2) ().

We define the square matrix A of order 2 as:
2 3
=(13)
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such that det A = —3. From (1.8) we have

()=o) (un)

and from (7.1) (or using (7.2) and induction) we have

‘/n+1 _ 2
Vo “\1 0

If we take V,, = G,, in (7.2) we have

w
—
3
/N
S
——

We also define

anl SGn72
and
[ Vu 3V,
Cn o < anl 3Vn72 )

Theorem 7.1. For all integer m,n > 0, we have

(@) B, = A"
(b) C1A™ = A"
(C) Cn+m = CpBm = BjnCh.

Proof.

(7.2)

(a) By expanding the vectors on the both sides of (7.3) to 3-colums and multiplying the obtained on

the right-hand side by A, we get
B, = AB,_1.

By induction argument, from the last equation, we obtain
B, = A""'B.
But B; = A. It follows that B,, = A™.
(b) Using (a) and definition of C4, (b) follows.

(c) We have
2 3 anl 3Vn72
ACn—1 ( 1 0 ) ( Vaez 3Va_s

i.e. C,, = AC,_1. From the last equation, using induction we obtain C,, = A" ~*C;. Now

Cner _ A7l+m7101 _ An71A7YLC1 _ A7L7101A7rl _ Can

and similarly
C’rH»m = Bmcn-
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Some properties of matrix A™ can be given as
An — 2An—1 4 3An—2
and
An+m — AnAm — A'mAn

and
det(A™) = (=3)"

for all integer m and n.
Theorem 7.2. Form,n > 0 we have
Vn+m = VnGm + 3Vn—1Gm—1 (74)

Proof. From the equation C,,+. = C, B, = B, C, we see that an element of C,,,, is the product
of row C,, and a column B,,,. From the last equation we say that an element of C,,,, is the product
of arow C,, and column B,,,. We just compare the linear combination of the 2nd row and 1st column
entries of the matrices C,.+.. and C,, B,,. This completes the proof.

Remark 7.1. By induction, it can be proved that for all integers m,n < 0, (7.4) holds. So for all
integers m, n, (7.4) is true.

Corollary 7.3. For all integers m,n, we have

Grim = GnGm +3Gn-1Gm_1, (7.5)

Hpim = HpGum+3H, 1Gm1, (7.6)

Enim = EnGm+3E0 1Gm_1. (7.7)
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