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Firstly, we introduced the concept of G‐Lipschitz tracking property, G‐asymptotic average tracking property, and G‐periodic
tracking property. Secondly, we studied their dynamical properties and topological structure and obtained the following
conclusions: (1) let ðX, dÞ be compact metric G‐space and the metric d be invariant to G. Then, σ has �G‐asymptotic average
tracking property; (2) let ðX, dÞ be compact metric G‐space and the metric d be invariant to G. Then, σ has �G‐Lipschitz
tracking property; (3) let ðX, dÞ be compact metric G‐space and the metric d be invariant to G. Then, σ has �G‐periodic
tracking property. The above results make up for the lack of theory of G‐Lipschitz tracking property, G‐asymptotic average
tracking property, and G‐periodic tracking property in infinite product space under group action.

1. Introduction

At present, shadowing property has gradually become an
important theory and concept in dynamical system. Rele-
vant results are seen in [1–11]. For example, Wang and Zeng
[1] proved that if f has q‐average tracking property, then f is
chain transitivity under some conditions. Wu [2] showed
that f has tracking property and σ has tracking property
are equivalent. Ji et al. [3] proved that f ∘ g has the Lipschitz
shadowing property and σf ∘g has the Lipschitz shadowing
property are equivalent in the double inverse limit space.
Ahmadi and Hosseini [4] gave that δ‐ergodic pseudo-orbit
of a systemmeans chain mixing. Fakhari and Ghane [5] intro-
duced some kind of specification property. Niu [6] showed
that the average-shadowing property and dense minimal set
means weakly mixing. Oprocha et al. [7] gave equivalent con-
ditions for shadowing. Hossein and Reza [8] investigated the
relations of various shadowing. Pierre and Thibault [9] studied
shadowing and periodic shadowing properties.

Firstly, we introduced the concept of G‐Lipschitz track-
ing property, G‐asymptotic average tracking property, and
G‐periodic tracking property. Secondly, we studied their

dynamical properties and topological structure and obtained
the following conclusions:

Theorem 1. Let ðX, dÞ be compact metric G‐space and the
metric d be invariant to G. Then, σ has �G‐asymptotic average
tracking property.

Theorem 2. Let ðX, dÞ be compact metric G‐space and the
metric d be invariant to G. Then, σ has �G‐Lipschitz tracking
property.

Theorem 3. Let ðX, dÞ be compact metric G‐space and the
metric d be invariant to G. Then, σ has �G‐periodic tracking
property.

2. �G‐Asymptotic Average
Shadowing Property of σ

The concept of metric G‐space is shown in [12]. We can find
the concept that d is invariant to G in [13]. The concepts of
zero density set and G‐asymptotic average tracking property
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are seen in [14, 15]. The concept of the shift map σ and the
metric �d can be found in [16].

Write

�G = g, g, g⋯ð Þ: g ∈Gf g, ð1Þ

G∞ =Q∞
i=0Gi,  where Gi =G, i ≥ 0.

According to [17, 18], ð�X, �G, �dÞ is compact metric �G‐
space. This paper mainly studies dynamical properties of σ
in compact metric �G‐space.

Theorem 4. Let ðX, dÞ be compact metric G‐space and the
metric d be invariant to G. Then, σ has �G‐asymptotic average
tracking property.

Proof. Let f�yigi≥0ð�yi = ðyi0, yi1, yi2,⋯ÞÞ be �G‐asymptotic aver-
age pseudo orbit of σ. Then, for any nonnegative integer j
≥ 0, there exists �t j ∈ �G satisfying.

lim
n⟶∞

1
n

〠
j=n−1

j=0
�d �t jσ �yj

À Á
, �yj+1

� �
= 0, ð2Þ

where �t j = ðt j0, t j1, t j2,⋯Þ.

According to [14], we can choose a zero density set J
satisfying

lim
i⟶∞,i∉J

�d �tiσ �yi
À Á

, �yi+1
� �

= 0: ð3Þ

So for any ε > 0, there exists a positive integer m > 0
such that i ≥m and i ∉ J implies

�d �tiσ �yi
À Á

, �yi+1
� �

< ε: ð4Þ

So, for any i ≥m, i ∉ J , and k ≥ 1, it follows that

d tik−1y
i
k, yi+1k−1

À Á

2k−1
< ε: ð5Þ

Thus, we can obtain the following inequality

d tik−1y
i
k, yi+1k−1

À Á
< 2k−1ε,

d ti+1k−2y
i+1
k−1, yi+2k−2

À Á
< 2k−2ε,

d ti+2k−3y
i+2
k−2, yi+3k−3

À Á
< 2k−3ε,

⋯,

d ti+k−21 yi+k−22 , yi+k−11

� �
< 21ε,

d ti+k−10 yi+k−11 , yi+k0

� �
< 20ε:

ð6Þ

Since the metric d is invariant to G, we can have that

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, ti+k−10 ti+k−21 ⋯ ti+2k−3t

i+1
k−2y

i+1
k−1

� �
< 2k−1ε,

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2y

i+1
k−1, ti+k−10 ti+k−21 ⋯ ti+2k−3y

i+2
k−2

� �
< 2k−2ε,

d ti+k−10 ti+k−21 ⋯ ti+3k−4t
i+2
k−3y

i+2
k−2, ti+k−10 ti+k−21 ⋯ ti+3k−4y

i+3
k−3

� �
< 2k−3ε,

⋯,

d ti+k−10 ti+k−21 yi+k−22 , ti+k−10 yi+k−11

� �
< 21ε,

d ti+k−10 yi+k−11 , yi+k0

� �
< 20ε:

ð7Þ

Thus, when i ≥m and i ∉ J for any positive integer k
≥ 1, we can get that

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, yi+k0

� �

< d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, ti+k−10 ti+k−21 ⋯ ti+2k−3t

i+1
k−2y

i+1
k−1

� �

+ d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2y

i+1
k−1, ti+k−10 ti+k−21 ⋯ ti+2k−3y

i+2
k−2

� �

+ d ti+k−10 ti+k−21 ⋯ ti+3k−4t
i+2
k−3y

i+2
k−2, ti+k−10 ti+k−21 ⋯ ti+3k−4y

i+3
k−3

� �

+⋯⋯+d ti+k−10 ti+k−21 yi+k−22 , ti+k−10 yi+k−11

� �

+ d ti+k−10 yi+k−11 , yi+k0

� �
+

< 2k−1 + 2k−2+⋯+20
� �

ε < 2kε:

ð8Þ

That is

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, yi+k0

À Á

2k
< ε: ð9Þ

Let �y = ðy00, y10, y20,⋯Þ ∈ �X and �gi = ðe, ti0, ti+10 ti1, ti+20 ti+11
ti2,⋯Þ, where i ≥m. Then, for any i ≥m and i ∉ J , it
follows that

�d σi �yð Þ, �gi�yiÀ Á
< ε: ð10Þ

Hence,

lim
i⟶∞,i∉J

�d σi �yð Þ, �gi�yi
À Á

= 0: ð11Þ

According to [14], we have that

lim
n⟶∞

1
n

〠
i=n−1

i=0

�d σ �yð Þ, �gi�yiÀ Á
= 0:: ð12Þ

Hence, σ has �G‐asymptotic average tracking property.
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3. �G‐Lipschitz Tracking Property of σ

We can find the definition of G‐Lipschitz tracking property
in [15].

Theorem 5. Let ðX, dÞ be compact metric G‐space and the
metric d be invariant to G. Then, σ has �G‐Lipschitz tracking
property.

Proof. Let L = 2 and ε0 = 1. Let f�yigi≥0ð�yi = ðyi0, yi1, yi2,⋯ÞÞ be
ð�G, εÞ‐ pseudo orbit of σ for any 0 < ε < ε0. Then for any i ≥ 0,
there exists�ti ∈ �G satisfying.

�d �tiσ �yi
À Á

, �yi+1
� �

< ε, ð13Þ

where�ti = ðti0, ti1, ti2,⋯Þ.

So, when k ≥ 1 and i ≥ 0, we can get that

d tik−1y
i
k, yi+1k−1

À Á

2k−1
< ε: ð14Þ

Thus, we can obtain the following inequality

d tik−1y
i
k, yi+1k−1

À Á
< 2k−1ε,

d ti+1k−2y
i+1
k−1, yi+2k−2

À Á
< 2k−2ε,

d ti+2k−3y
i+2
k−2, yi+3k−3

À Á
< 2k−3ε,

⋯,

d ti+k−21 yi+k−22 , yi+k−11

� �
< 21ε,

d ti+k−10 yi+k−11 , yi+k0

� �
< 20ε:

ð15Þ

Since d is invariant to G, we can have that

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, ti+k−10 ti+k−21 ⋯ ti+2k−3t

i+1
k−2y

i+1
k−1

� �
< 2k−1ε,

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2y

i+1
k−1, ti+k−10 ti+k−21 ⋯ ti+2k−3y

i+2
k−2

� �
< 2k−2ε,

d ti+k−10 ti+k−21 ⋯ ti+3k−4t
i+2
k−3y

i+2
k−2, ti+k−10 ti+k−21 ⋯ ti+3k−4y

i+3
k−3

� �
< 2k−3ε,

⋯,

d ti+k−10 ti+k−21 yi+k−22 , ti+k−10 yi+k−11

� �
< 21ε,

d ti+k−10 yi+k−11 , yi+k0

� �
< 20ε:

ð16Þ

Thus, when k ≥ 1 and i ≥ 0, we can get that

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, yi+k0

� �

< d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, ti+k−10 ti+k−21 ⋯ ti+2k−3t

i+1
k−2y

i+1
k−1

� �

+ d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2y

i+1
k−1, ti+k−10 ti+k−21 ⋯ ti+2k−3y

i+2
k−2

� �

+ d ti+k−10 ti+k−21 ⋯ ti+3k−4t
i+2
k−3y

i+2
k−2, ti+k−10 ti+k−21 ⋯ ti+3k−4y

i+3
k−3

� �

+⋯⋯+d ti+k−10 ti+k−21 yi+k−22 , ti+k−10 yi+k−11

� �
+ d ti+k−10 yi+k−11 , yi+k0

� �

< 2k−1 + 2k−2+⋯+20
� �

ε < 2kε:

ð17Þ

That is,

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, yi+k0

À Á

2k
< ε: ð18Þ

Let

�y = y00, y10, y20,⋯
À Á

∈ �X,

�gi = e, ti0, ti+10 ti1, ti+20 ti+11 ti2,⋯
À Á

:
ð19Þ

Hence, we have that

�d σi �yð Þ, �gi�yi
À Á

< ε < Lε: ð20Þ

So, σ has �G‐Lipschitz tracking property.

4. �G‐Periodic Tracking Property of σ

We can find the concepts of G‐periodic point and G‐peri-
odic tracking property in [19, 20].

Theorem 6. Let ðX, dÞ be compact metric G‐space and the
metric d be invariant to G. Then, σ has �G‐periodic tracking
property.

Proof. Let 0 < δ < ε for any ε > 0 and f�yigi≥0ð�yi = ðyi0, yi1, yi2,
⋯ÞÞ be ð�G, δÞ‐ pseudo orbit of σ. Thus, there exists n > 0
satisfying.

�ykn+j = �yj, 0 < k, 0 ≤ j < n: ð21Þ

Write �y = ðy00, y10, y20,⋯Þ ∈ �X. It follows that

�eσn �yð Þ = �y: ð22Þ

Hence, �y ∈ P�GðσÞ. In addition, for any i ≥ 0, there exists
�ti ∈ �G satisfying
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�d �tiσ �yi
À Á

, �yi+1
� �

< δ, ð23Þ

where �ti = ðti0, ti1, ti2,⋯Þ.
So, when k ≥ 1 and i ≥ 0, we can get that

d tik−1y
i
k, yi+1k−1

À Á

2k−1
< δ: ð24Þ

Thus, we can obtain the following inequality

d tik−1y
i
k, yi+1k−1

À Á
< 2k−1δ,

d ti+1k−2y
i+1
k−1, yi+2k−2

À Á
< 2k−2δ,

d ti+2k−3y
i+2
k−2, yi+3k−3

À Á
< 2k−3δ,

⋯,

d ti+k−21 yi+k−22 , yi+k−11

� �
< 21δ,

d ti+k−10 yi+k−11 , yi+k0

� �
< 20δ,

ð25Þ

Since d is invariant to G, we can have that

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, ti+k−10 ti+k−21 ⋯ ti+2k−3t

i+1
k−2y

i+1
k−1

� �
< 2k−1δ,

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2y

i+1
k−1, ti+k−10 ti+k−21 ⋯ ti+2k−3y

i+2
k−2

� �
< 2k−2δ,

d ti+k−10 ti+k−21 ⋯ ti+3k−4t
i+2
k−3y

i+2
k−2, ti+k−10 ti+k−21 ⋯ ti+3k−4y

i+3
k−3

� �
< 2k−3δ,

⋯,

d ti+k−10 ti+k−21 yi+k−22 , ti+k−10 yi+k−11

� �
< 21δ,

d ti+k−10 yi+k−11 , yi+k0

� �
< 20δ,

ð26Þ

Thus, when k ≥ 1 and i ≥ 0, we can get that

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, yi+k0

� �

< d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, ti+k−10 ti+k−21 ⋯ ti+2k−3t

i+1
k−2y

i+1
k−1

� �

+ d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2y

i+1
k−1, ti+k−10 ti+k−21 ⋯ ti+2k−3y

i+2
k−2

� �

+ d ti+k−10 ti+k−21 ⋯ ti+3k−4t
i+2
k−3y

i+2
k−2, ti+k−10 ti+k−21 ⋯ ti+3k−4y

i+3
k−3

� �

+⋯⋯+d ti+k−10 ti+k−21 yi+k−22 , ti+k−10 yi+k−11

� �
+ d ti+k−10 yi+k−11 , yi+k0

� �

< 2k−1 + 2k−2+⋯+20
� �

δ < 2kδ:

ð27Þ

That is,

d ti+k−10 ti+k−21 ⋯ ti+2k−3t
i+1
k−2t

i
k−1y

i
k, yi+k0

À Á

2k
< δ: ð28Þ

Let �gi = ðe, ti0, ti+10 ti1, ti+20 ti+11 ti2,⋯Þ for any i ≥ 0. Hence, we
have that

�d σi �yð Þ, �gi�yiÀ Á
< δ < ε: ð29Þ

So, the shift map σ has �G‐periodic tracking property.

5. Conclusion

Firstly, we introduced the concept ofG‐Lipschitz tracking
property, G‐asymptotic average tracking property, and G‐
periodic tracking property. Secondly, we studied their
dynamical properties and topological structure in the infi-
nite product space under group action and obtained the
following conclusions: (1) let ðX, dÞ be compact metric G
− space and the metric d be invariant to G. Then, σ has �G‐
asymptotic average tracking property; (2) let ðX, dÞ be com-
pact metric G‐space and the metric d be invariant to G.
Then, σ has �G‐Lipschitz tracking property; (3) let ðX, dÞ
be compact metric G‐space and the metric d be invariant
to G. Then, σ has �G‐periodic tracking property. The above
results make up for the lack of theory of G‐Lipschitz
tracking property, G‐asymptotic average tracking property,
and G‐periodic tracking property in infinite product space
under group action.

Data Availability

The data used to support the findings of this study are
included within references [1–20] in the article.

Conflicts of Interest

The author declares that he has no conflicts of interest.

Acknowledgments

Research was partially supported by the NSF of Guangxi
Province (2020JJA110021) and the construction project of
Wuzhou University of China (2020B007).

References

[1] H. Y. Wang and P. Zeng, “Partial shadowing of average-
pseudo-orbits,” Scientia Sinica, vol. 46, pp. 781–792, 2016.

[2] X. X. Wu, “Some remarks �d − shadowing property,” Scientia
Sinica, vol. 45, pp. 273–286, 2015.

[3] Z. J. Ji, Z. H. Chen, and G. R. Zhang, “The research of Lipschitz
shadowing property and almost periodic point on the inverse
limit and double inverse limit spaces,” Journal of Shanxi Uni-
versity (Natural Science Edition), vol. 173, pp. 1–5, 2021.

[4] D. D. Ahmadi and M. Hosseini, “Sub-shadowings,” Nonlinear
Analysis, vol. 72, no. 9-10, pp. 3759–3766, 2010.

[5] A. Fakhari and F. H. Ghane, “On shadowing: ordinary and
ergodic,” Journal of Mathematical Analysis and Applications,
vol. 364, no. 1, pp. 151–155, 2010.

[6] Y. X. Niu, “The average-shadowing property and strong ergo-
dicity,” Journal of Mathematical Analysis and Applications,
vol. 376, no. 2, pp. 528–534, 2011.

[7] P. Oprocha, D. A. Dastjerdi, and M. Hosseini, “On partial sha-
dowing of complete pseudo-orbits,” Journal of Mathematical
Analysis and Applications, vol. 404, no. 1, pp. 47–56, 2013.

4 Advances in Mathematical Physics



[8] R. Hossein and M. Reza, “On the relation of shadowing and
expansivity in nonautonomous discrete systems,” Analysis in
Theory and Applications, vol. 33, pp. 11–19, 2019.

[9] A. G. Pierre and L. Thibault, “On the genericity of the shadow-
ing property for conservative homeomorphisms,” Proceedings
of the American Mathematical Society, vol. 146, no. 10,
pp. 4225–4237, 2018.

[10] R. Hossein, “On the shadowing property of nonautonomous
discrete systems,” International Journal of Nonlinear Analysis
and Applications, vol. 7, pp. 271–277, 2016.

[11] Y. X. Niu, “The average shadowing property and chaos for
continuous flows,” Journal of Dynamical Systems and Geomet-
ric Theories, vol. 15, no. 2, pp. 99–109, 2017.

[12] S. A. Ahmadi, “Invariants of topological G-conjugacy on G-
spaces,” Mathematica Moravica, vol. 18, no. 1, pp. 67–75,
2014.

[13] T. Choi and J. Kim, “Decomposition theorem on G-spaces,
Osaka,” Journal of Mathematics, vol. 46, pp. 87–104, 2009.

[14] R. B. Gu, Y. Q. Sheng, and Z. J. Xia, “The average shadowing
property and transitivity for continuous flows,” Chaos Solitons
and Fractals, vol. 23, pp. 989–995, 2005.

[15] Z. J. Ji and G. R. Zhang, “Asymptotic average and Lipschitz
shadowing property of the product map under group action,”
Journal of Hebei Normal University (Natural Science), vol. 43,
pp. 473–478, 2019.

[16] R. B. Gu and Y. Q. Sheng, “On the asymptotic pseudo orbit
tracking property,” Journal of Anhui University (Natural Sci-
ence Edition), vol. 27, pp. 1–5, 2003.

[17] H. Y. Jiang, Topology, Machinery Industry Press, Machinery
Industry Press of China, China: Beijing, 2013.

[18] Z. J. Ji, Dynamical Property of Product Space and the Inverse
Limit Space of a Topological Group Action, Guangxi Univer-
sity, Nanning, 2014.

[19] S. Ekta and D. Tarun, “Consequences of shadowing property
of G-spaces,” International Journal of Mathematical Analysis,
vol. 7, pp. 579–588, 2013.

[20] Z. J. Ji, G. R. Zhang, and J. X. Tu, “The research of periodic sha-
dowing property and equicontinuity in the product G-space,”
Mathematics in Practice and Theory, vol. 49, pp. 307–311,
2019.

5Advances in Mathematical Physics


	Dynamical Property of the Shift Map under Group Action
	1. Introduction
	2. G&macr;‐Asymptotic Average Shadowing Property of σ
	3. G&macr;‐Lipschitz Tracking Property of σ
	4. G&macr;‐Periodic Tracking Property of σ
	5. Conclusion
	Data Availability
	Conflicts of Interest
	Acknowledgments



