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Firstly, we introduced the concept of G-Lipschitz tracking property, G-asymptotic average tracking property, and G-periodic
tracking property. Secondly, we studied their dynamical properties and topological structure and obtained the following
conclusions: (1) let (X, d) be compact metric G-space and the metric d be invariant to G. Then, o has G-asymptotic average
tracking property; (2) let (X,d) be compact metric G-space and the metric d be invariant to G. Then, o has G-Lipschitz
tracking property; (3) let (X,d) be compact metric G-space and the metric d be invariant to G. Then, ¢ has G-periodic
tracking property. The above results make up for the lack of theory of G-Lipschitz tracking property, G-asymptotic average

tracking property, and G-periodic tracking property in infinite product space under group action.

1. Introduction

At present, shadowing property has gradually become an
important theory and concept in dynamical system. Rele-
vant results are seen in [1-11]. For example, Wang and Zeng
[1] proved that if f has g-average tracking property, then f is
chain transitivity under some conditions. Wu [2] showed
that f has tracking property and o has tracking property
are equivalent. Ji et al. [3] proved that f o g has the Lipschitz
shadowing property and o, has the Lipschitz shadowing

property are equivalent in the double inverse limit space.
Ahmadi and Hosseini [4] gave that §-ergodic pseudo-orbit
of a system means chain mixing. Fakhari and Ghane [5] intro-
duced some kind of specification property. Niu [6] showed
that the average-shadowing property and dense minimal set
means weakly mixing. Oprocha et al. [7] gave equivalent con-
ditions for shadowing. Hossein and Reza [8] investigated the
relations of various shadowing. Pierre and Thibault [9] studied
shadowing and periodic shadowing properties.

Firstly, we introduced the concept of G-Lipschitz track-
ing property, G-asymptotic average tracking property, and
G-periodic tracking property. Secondly, we studied their

dynamical properties and topological structure and obtained
the following conclusions:

Theorem 1. Let (X, d) be compact metric G-space and the
metric d be invariant to G. Then, o has G-asymptotic average
tracking property.

Theorem 2. Let (X,d) be compact metric G-space and the
metric d be invariant to G. Then, o has G-Lipschitz tracking

property.

Theorem 3. Let (X, d) be compact metric G-space and the
metric d be invariant to G. Then, ¢ has G-periodic tracking

property.

2. G-Asymptotic Average
Shadowing Property of o

The concept of metric G-space is shown in [12]. We can find
the concept that d is invariant to G in [13]. The concepts of
zero density set and G-asymptotic average tracking property
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are seen in [14, 15]. The concept of the shift map o and the

metric d can be found in [16].
Write

G={(99.9-): geG} (1)

Gy =[G where G;=G,i>0.

According to [17, 18], (X, G,d) is compact metric G-
space. This paper mainly studies dynamical properties of o
in compact metric G-space.

Theorem 4. Let (X, d) be compact metric G-space and the
metric d be invariant to G. Then, o has G-asymptotic average
tracking property.

Proof. Let {y'}.o(7' = (¥}, ¥\, ¥5»++)) be G-asymptotic aver-
age pseudo orbit of 0. Then, for any nonnegative integer j
>0, there exists ¥ € G satisfying.

lj:n—l . . .
lim — d(tf #),71) =0, 2
ninoon =0 a())]) Y ) ( )
where 7 = (£, 8, £),-). O

According to [14], we can choose a zero density set J
satisfying

lim El(fio(j/i),j/i+1) =0. (3)

i—00,i¢]

So for any &> 0, there exists a positive integer m >0
such that i>m and i ¢ ] implies

d(?"a(yi), y"“) <e. (4)
So, for any i>m, i¢ ], and k> 1, it follows that

d(tifl}’;é)’;lll)
2k—1

<e. (5)
Thus, we can obtain the following inequality
d(tifly;;’)’;lctll) <2tle,
AL A1) <2
(6505 953) <27,

N

d (t§+k—2 y;+k—2’ yz;rk—l) <2le,

d(t6+k—1y§+k—1)yg+k> <20
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Since the metric d is invariant to G, we can have that

i+k—1 gi+k-2 42 i+l i i gitk—1  i+k—2 42 i+l i+] k-1
d(to T hShoh ety T T tk—3tk—2yk—l> <27
i+k—1 gi+k-2 42 i+l i+l gitk—1 gitk—2 42 42 k-2
d(to 0ot Sk pte B T tk—3yk—2> <277,
i+k—1 gi+k-2 43 42 42 gitk—1 gitk—2 i+3 | i+3 k-3
d(to SRR VMY TS 7 SH tk—4)’k73> <27,

ceey

d <t6+k—1ti+k—2 y;’k_z, t;‘;k—l yi1+k—1> <2le,
i+k—=1, i+k-1 itk 0
d(to W ><2 e.

(7)

Thus, when i>m and i¢ ] for any positive integer k
>1, we can get that

d(tgrkqt?k—z N A ALY T y6+k)
< d(té‘;rk—ltzrk% t;;t%titlzt;;_l}/;;, tgrk—ltxfrk—z t;:r_zstztlzy;:_ll)
+d (tgrk—l tzi+k—2 . t;:;zs t;':r_lzyitll, tgrk—ltz;rk—z . t;:r_23)’;:_22)
+d (t:‘;k—lt?k—z o 13 42 02 ithelgithod t;cﬁ)’;fg;)
oreens +d ( tf)+k71 tlfrku y?kfz, t:‘;k—l kafl)
+ d(tgrk—lytik—l)ygk) +

< (2k*1 + 2"*2+~-~+2°)s < oke.

That is

i+k—1 gitk-2 42 i+l 40 i itk
d(tgr tr "'tﬁct3t;<+—2t;<-1yz’)’6+) <
2k

€. 9)

 Let y=(y.yp050) €X and g'= (et 15 1], 1571
th,--), where i>m. Then, for any i>m and i¢], it
follows that

d(o'(y), 37 <e. (10)
Hence,
im_d(o'(7). ') = 0. (11)

According to [14], we have that
d(o(). gy =0. (12)

Hence, o has G-asymptotic average tracking property.
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3. G-Lipschitz Tracking Property of o

We can find the definition of G-Lipschitz tracking property
in [15].

Theorem 5. Let (X,d) be compact metric G-space and the
metric d be invariant to G. Then, o has G-Lipschitz tracking

property.

Proof. Let L=2 and &, = 1. Let {3’} ., (5 = (¥}, ¥%, yb+++)) be
(G, €)- pseudo orbit of o for any 0 < € < g,. Then foranyi > 0,
there exists ' € G satisfying.

El(?a(y"),y"“) <e, (13)
where ' = (£, £}, t},---). O
So, when k> 1 and i >0, we can get that

d(t};fly;‘c,y};tll)

SF <e. (14)

Thus, we can obtain the following inequality

o
d(t_ e yi) <2
i+1 i+l i+2 k-2
d(tfctz)’;ctv)’;ctz) <277,
(6505 953) <27,

d(t§+k—2y;+k—2’y§+k—l> <2le,

d(t6+k—1y§+k—l’yé+k) < 2.
Since d is invariant to G, we can have that

i+k—1 i+k-2 i+2 i+l i i gitk—1i+k-2 i+2 i+l i+l k-1
d<to 6T hShoh ety B T tk—Stk—Zyk—1> <277
i+k—1 i+k-2 42 i+l i+l pitk-1 gitk-2 P42 42 k-2
d(to 0T hShopte B T tk—3yk—2) <277,

i+k—1 i+k-2 43 i+2 i+2 itk-1 gi+k-2 i+3 i+3 k-3
d(to SN AT /A TE 7 S tk—4yk—3) <277,
ey

itk—1i+k=2 i+k-2 i+k-1_i+k-1 1
d(to 05 SN ><28>

d(t6+k—1y1’1+k—1’y6+k) < 208.

Thus, when k>1 and i> 0, we can get that

d (t;';“ B2 5 e e )
<A R B )
LA R i)
(I R R 0
A + d(t6+k—1ti1+k—2 y?k—z’ t6+k—1 yi1+k—l> + d(t:’;k—l J’Tk_l’ yg+k>
< (2"‘1 + 2k‘2+---+2°>s <2ke.

(17)

That is,

itk—1gi+k-2 i+2 i+l i i itk
d(te™ 7 - g G Ve 0) <

oF €. (18)

Let

y= (V0 yye) €X,

G = (e th 6118, £20001 81,1,

(19)

Hence, we have that

d(o'(y),3'7') <e<Le. (20)
So, o has G-Lipschitz tracking property.
4. G-Periodic Tracking Property of ¢

We can find the concepts of G-periodic point and G-peri-
odic tracking property in [19, 20].

Theorem 6. Let (X,d) be compact metric G-space and the
metric d be invariant to G. Then, o has G-periodic tracking

property.
Proof. Let 0< 8 <& for any £ >0 and {¥'},.,(7' = (¥}, ¥1> 5,
=) be (G, 8)- pseudo orbit of o. Thus, there exists n>0
satistying.
ykn+j=5/j,0<k,0Sj<n. (21)

O
Write y = (35, y8, ya,++) € X. It follows that
e’ (y)=y. (22)

Hence, y € P;(0). In addition, for any i >0, there exists
t' € G satisfying



a(?io_()—/i),)—}iﬂ) <9, (23)

where ' = (£, £, t1,---).
So, when k > 1 and i >0, we can get that

d(ti—l}’i’ J’;'::ll )
e <4. (24)

Thus, we can obtain the following inequality

d(ti e yilh) <2578,

d(650015) <247,

d(657555) <27,
(25)

d<t§+k_2y;+k_2,y§+k_l) <216,
itk—1, i+k-1  i+k 0
d(fo Y Yo )<2 S,
Since d is invariant to G, we can have that
itk-1 i+k-2 i+2 i+l i i gitk=1i+k-2 i+2 i+l i+l k-1
d(to LT ShL b ety b "'tk—stk—z)’k71><2 0,
i+k—1  i+k—2 i+2 4i+l i+l itk—1 i+k=2 i+2 | i+2 k-2
At R R 0 ) <2,
i+k—1  i+k—2 i+3 4i+2 i+2  itk—1 i+k=2 i+3 i+3 k-3
At RS A ) <20,
i+k—1  i+k=2 i+k=2 i+k—-1_i+k-1 1
At ) <2t
d(t6+k—1y1’1+k—l’y6+k> < 2%,
(26)

Thus, when k> 1 and i >0, we can get that

At e )
<A R L R
P (R L B )
(T R R )
N +d <t:')+k—1 ti1+k—2 y;+k—2) tgk—l y§+k71) +d <t:')+k—1 yz;rk—l , ygk)

< (2"’1 + 2k’2+---+2°>8 <258,

(27)
That is,

d(Hk1 k2 g2 i g i vk
(s PEIEY Y/ <. (28)
2k

Let g' = (e, th, ti e, thr2 £ 1¢5 ) for any i > 0. Hence, we
have that
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d(d'(y), gy') <d <e. (29)

So, the shift map o has G-periodic tracking property.

5. Conclusion

Firstly, we introduced the concept ofG-Lipschitz tracking
property, G-asymptotic average tracking property, and G-
periodic tracking property. Secondly, we studied their
dynamical properties and topological structure in the infi-
nite product space under group action and obtained the
following conclusions: (1) let (X, d) be compact metric G
— space and the metric d be invariant to G. Then, o has G-
asymptotic average tracking property; (2) let (X, d) be com-
pact metric G-space and the metric d be invariant to G.
Then, ¢ has G-Lipschitz tracking property; (3) let (X, d)
be compact metric G-space and the metric d be invariant
to G. Then, o has G-periodic tracking property. The above
results make up for the lack of theory of G-Lipschitz
tracking property, G-asymptotic average tracking property,
and G-periodic tracking property in infinite product space
under group action.
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